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MINIMAL CONES AND SELF-EXPANDING SOLUTIONS FOR MEAN
CURVATURE FLOWS
QI DING
Abstract. In this paper, we study self-expanding solutions for mean curvature flows
and their relationship to minimal cones in Euclidean space. In [18], Ilmanen proved the
existence of self-expanding hypersurfaces with prescribed tangent cones at infinity. If the
cone is C3,α-regular and mean convex (but not area-minimizing), we can prove that the
corresponding self-expanding hypersurfaces are smooth, embedded, and have positive
mean curvature everywhere (see Theorem 1.1). As a result, for regular minimal but not
area-minimizing cones we can give an affirmative answer to a problem arisen by Lawson
[4].
1. Introduction
Minimal cones with isolated singularities in Euclidean space are cones over smooth
minimal submanifolds in the unit sphere, whose singularities may or may not vanish af-
ter perturbation. In particular, isolated singularities may also exist in general embedded
minimal hypersurfaces by Caffarelli-Hardt-Simon [5]. For area-minimizing cones with iso-
lated singularities, there are several ways to perturb away these singularities. Concerning
one-sided perturbations, Hardt-Simon [15] showed that there is an oriented connected em-
bedded smooth minimizing hypersurface in every component of Rn+1 \ C, where C is an
arbitrary n-dimensional minimizing cone in Rn+1. Such hypersurfaces form a smooth foli-
ation and are unique if they lie on one side of C. After that, Simon-Solomon [32] showed
the uniqueness of minimal hypersurfaces asymptotic to any area-minimizing quadratic
minimal cone at infinity in Euclidean space, whereas the uniqueness fails for a large class
of strictly minimizing cones showed by C. Chan [7]. Concerning two-sided perturbations,
the famous minimal graphs discovered by Bombieri-De Giorgi-Giusti in [2], are smooth
area-minimizing hypersurfaces which converge to cartesian products of Simons’ cones and
R at infinity. Moreover, R. McIntosh in [27] gave a more general sufficient condition on
area-minimizing cones for perturbing away singularities.
In Problem 5.7 of [4], B. Lawson suggested the following problem:
Let C be a stable (or minimizing) hypercone in Rn+1, and Cǫ be the ǫ-neighbourhood
of C in Rn+1. Given ǫ > 0, can one find a smooth embedded hypersurface of positive mean
curvature properly embedded in B1(0) ∩ Cǫ?
F.H. Lin first studied this problem and gave a confirmative answer for it when the
dimension n ≤ 7 in [24]. Furthermore, let E be a connected component of Rn+1 \ C.
If either C is a stable cone with n = 7 or C is a one-sided area-minimizing cone in
E, Lin [24] showed the existence of smooth embedded hypersurfaces of positive mean
curvature properly embedded in B1(0) ∩ Cǫ ∩ E for any small ǫ > 0. An one-sided area
minimizing cone may not be area-minimizing, such as a cone over a minimal hypersurface
S
1
(√
1
6
)
× S5
(√
5
6
)
in S7(1) proved by Lin [25].
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A self-expander M in Euclidean space is a critical point for the following functional
defined on any bounded set K ⊂M by
(1.1)
∫
K
e
|X|2
4 dµ,
where dµ is the volume element of M (see (2.1) for the definition). Equivalently, a sub-
manifold M is a self-expander if and only if M : t ∈ (0,∞) → √tM is a mean curvature
flow. In rough speaking, self-expanders describe the asymptotic behaviour of the longtime
solutions for mean curvature flow, and even depict the local structure of the flow after the
singularities in a very short time.
Ecker-Huisken [12] studied mean curvature flow of entire graphs, and their normalized
flows converge to self-expanders under some additional conditions (see also [36]). In lecture
2 of [18], Ilmanen showed the existence of E-minimizing self-expanding hypersurfaces (see
section 2 for the definition of ’E-minimizing’) which converge to prescribed closed cones at
infinity in Euclidean space. For 1-dimensional case, self-expanding curves have been used
to study planar networks, see [30, 21] for example. Moreover, self-expanders have acted
an important role in studying Lagrangian mean curvature flow partially as the absence
of nontrivial self-shrinkers for the flow from a zero-Maslov class Lagrangian in Cn (see
[28, 29] for instance).
In the current paper, we develop the theory of the self-expanding solutions of mean
curvature flows (i.e., self-expanders) and their relationship to minimal cones. For studying
the existence of self-expanders, we first consider the rotational symmetric solutions to
graphic self-expanders. With these solutions as barriers, we give another proof of existence
of self-expanders for C2-regular cones, which was proved by Ilmanen [18] firstly. Precisely,
there exists an n-dimensional minimizing current with the weight e
|X|2
4 (and with possible
singularities) for a prescribed tangent cone over any C2-embedded hypersurface in Sn at
infinity (see Theorem 6.3). We study the asymptotic decay estimates at infinity for such
self-expanders by investigating their Jacobi field operator at infinity. Furthermore, for
each C3,α-regular mean convex but not minimizing cone, we can rule out the singularities
of the E-minimizing self-expanding current which converges to such cone on one side at
infinity. More precisely, we have the following theorem (see also Theorem 6.12).
Theorem 1.1. Let C be an n-dimensional C3,α-regular mean convex but not minimizing
cone pointing into the domain Ω with ∂Ω = C in Rn+1, then there is a unique smooth
complete embedded E-minimizing self-expanding hypersurface M in Ω with tangent cone
C at infinity, where M has positive mean curvature everywhere.
Thus we give an affirmative answer to Lawson’s problem in [4] for regular minimal
but not minimizing cones. Moreover, let M be the self-expander in Theorem 1.1, then
M : t ∈ (0,∞)→ √tM is a foliation of Ω moving by mean curvature. In Theorem 1.1, the
assumption on ’not minimizing’ can not be removed. In fact, we can show that if a smooth
self-expander M converges to any given regular area-minimizing cone at infinity, then M
must be this area-minimizing cone (see Lemma 6.6 for details). Without restriction in Ω,
uniqueness for self-expanders may fail in view of [1, 18].
Minimal cones can be seen as special self-expanders, and there are some exact corre-
spondences between them. For a minimal cone C and a domain Ω in Euclidean space with
∂Ω = C, C is stable if and only if C is a stable self-expander (see Theorem 3.3); C is
area-minimizing in Ω if and only if C is an E-minimizing self-expanding hypersurface in Ω
(see Theorem 6.5). Furthermore, there is an alternative phenomena between the existence
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of minimal hypersurfaces and self-expanding hypersurfaces with respect to the prescribed
minimal cones. More precisely, for an regular nonflat minimal cone C, either there exists
a complete smooth minimal hypersurface on one side of C, but there does not exist any
complete smooth self-expander which converges to C at infinity (see Lemma 6.6); or there
exists a complete smooth self-expander which converges to C at infinity, but there does
not exist any complete smooth minimal hypersurface on one side of C (see [10]).
Conventions and notation. We say an n-dimensional mean convex hypersurface Γ
(or an n-dimensional hypersurface Γ has positive mean curvature) pointing into Ω in Rn+1,
if Γ is C2-continuous in Rn+1 and the mean curvature of Γ is nonnegative (or positive)
with respect to the unit normal vector pointing into Ω. Note that in this circumstance,
we omit ”with respect to the unit normal vector” for convenience in this whole paper.
Here, the mean curvature is defined by taking trace of (3.3) with the unit normal vector
ν pointing into Ω.
Without special illumination, we always think that a cone C has vertex at the origin
for convenience in this context. A C3,α-regular cone means the cone over a compact,
embedded C3,α-hypersurface without boundary in the sphere for some α ∈ (0, 1). We say
a cone C mean convex, which means that C \ {0} has nonnegative mean curvature. c
denotes a positive constant depending only on the dimension n and the cone C but will
be allowed to change from line to line.
2. Preliminaries and notation
An n-dimensional smooth manifoldM is said to be a self-expander in Rn+m if it satisfies
the elliptic equations
(2.1) H =
XN
2
,
where X is the position vector of M in Rn+m, (· · · )N is the projection into the normal
bundle of M , and H is the mean curvature vector of M . The reason of calling is that√
tM satisfies the mean curvature flow for t > 0. In fact, let Mt =
√
tM and Ft =
√
tX =
(
√
tx1, · · · ,
√
txm+n), then
dFt
dt
=
1
2
√
t
X =
1
2t
Ft.
Hence
(2.2)
(
dFt
dt
)N
=
1
2t
FNt = HMt,
where N also denotes the projection into the normal bundle of Mt, HMt is the mean
curvature vector of Mt. Conversely, if M : t ∈ (0,∞) →
√
tM is a mean curvature flow,
then obviously M is a self-expander by the above argument.
Let ∇ and ∆ be the Levi-Civita connection and Laplacian of self-expander M , respec-
tively. For any X = (x1, · · · , xn+m) ∈ Rn+m, we have
∆X = H,
and
(2.3) ∆|X|2 = 2〈X,∆X〉 + 2|∇X|2 = 2〈X,H〉 + 2n = |XN |2 + 2n = 2n+ 4|H|2.
4 QI DING
If M can be written as a graph over Ω ⊂ Rn with the graphic function u in Rn+1,
namely, M = {(x, u(x)) ∈ Rn+1| x ∈ Ω}, then (2.1) implies
(2.4) div
(
Du√
1 + |Du|2
)
=
−xiui + u
2
√
1 + |Du|2 ,
where ’div’ is the divergence on Rn. Moreover, (2.4) is equivalent to
(2.5) gijuij =
−xiui + u
2
,
where (gij) is the inverse matrix of (gij) with gij = δij + uiuj .
Let λ be a function on R+ satisfying
re
r2
4n = λ
(∫ r
0
e
t2
4n dt
)
.
Then the weighted space
(
R
n+m, e
|X|2
2n
∑n+m
i=1 dx
2
i
)
can be written in a polar coordinate
as N , (Rn+m,g) with
g =e
r2
2n
(
dr2 + r2σ
Sn+m−1
)
=
(
d
∫ r
0
e
t2
4n dt
)2
+ λ2
(∫ r
0
e
t2
4n dt
)
σ
Sn+m−1
=dρ2 + λ2(ρ)σ
Sn+m−1 ,
where σ
Sn+m−1 is the standard metric of (n + m − 1)-dimensional unit sphere in Rn+m.
In particular, N has non-positive sectional curvature by [23] or (3.30) in [11]. Each n-
dimensional self-expander in Rn+m is equivalent to an n-dimensional minimal submanifold
in N .
By Rademacher’s theorem, a locally n-rectifiable set has tangent spaces at almost
every point. Let G(n, p) be the space of (unoriented) n-planes through the origin in
R
p. A n(n < p)-rectifiable varifold in Rp corresponds to an n-varifold defined by Radon
measure on G(n, p) as Chapter 38 in [31]. We call a locally n-rectifiable varifold S in Rp
an n-varifold self-expander if for any C1-vector field Y with compact support in sptS, we
have
(2.6)
∫
Rp×G(n,p)
divωY dS(X,ω) = −1
2
∫
Rp×G(n,p)
〈XN , Y 〉dS(X,ω),
where div represents the divergence on Rp, and ω is an n-dimensional tangent plane of
S at the considered point if it exists. Then 12X
N is the generalized mean curvature of S
(see [26][31] for its definition). An integer n-varifold self-expander is an abbreviation of
an integer multiplicity n-varifold self-expander. Sometimes, we omit ’n’ when we don’t
emphasize the dimension of ’n-varifold self-expander’.
From monotonicity identity (formula 17.3 in [31]), we have
(2.7)
d
dρ
(
ρ−nHn(S ∩Bρ)
)
=
d
dρ
∫
S∩Bρ
|XN |2
|X|n+2 dµS +
1
2
ρ−n−1
∫
S∩Bρ
∣∣XN ∣∣2 dµS ,
where Bρ denotes the ball in R
n+1 with radius ρ and centered at the origin, Hn(K) denotes
the n-dimensional Hausdorff measure of any set K ⊂ Rn+1, and dµS is the Radon measure
corresponding to the varifold S.
Now let us recall some classical definitions of currents (see [26][31] for example) and
define a weighted mass for rectifiable currents. Let U be an open subset of Rp for p > n,
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In,p = {α = (i1, · · · , in) ∈ Zn+| 1 ≤ i1 < · · · < in ≤ p}. Denote En(U) be the set including
all smooth n-forms ω =
∑
α∈In,p aαdx
α, where aα ∈ C∞(U) and dxα = dxi1 ∧ · · · ∧ dxin
if α = (i1, · · · , in) ∈ In,p. Let Dn(U) denote the set of ω =
∑
α∈In,p aαdx
α ∈ En(U) such
that each aα has compact support in U . For any ω ∈ Dn(U) one denotes a norm | · |U by
|ω|U = sup
x∈U
〈ω(x), ω(x)〉 12 .
Denote Dn(U) be the set of n-currents in U , which are continuous linear functionals on
Dn(U). For each T ∈ Dn(U) and each open set W in U , one defines
MW (T ) = sup
|ω|U≤1,ω∈Dn(U),sptω⊂W
T (ω),
and the mass of T by
M(T ) = sup
|ω|U≤1,ω∈Dn(U)
T (ω).
If MW (T ) < ∞ for T ∈ Dn(U) and W ⋐ U , then by the Riesz Representation, there
is a Radon measure µT on U and µT -measurable vector-valued function
−→
T with values in
the spaces of n-vectors Λn(R
p), |−→T | = 1 µT -a.e., such that
T (ω) =
∫
〈ω(x),−→T (x)〉dµT (x).
Let X be the position vector in Rp. We define a new mass in W with the weight e
|X|2
4 by
EW (T ) = sup
|ω|U≤1,ω∈Dn(U),sptω⊂W
∫
〈ω(X),−→T (X)〉e |X|
2
4 dµT (X).
We call T an E-minimizing self-expanding current in W ⊂ U , if T is an integer mul-
tiplicity locally rectifiable current in a subset W of U , and EK(T ) ≤ EK(T ′) whenever
K ⋐ U , ∂T ′ = ∂T , and spt(T ′ − T ) is a compact subset of K ∩W . And we call sptT an
E-minimizing self-expanding hypersurface(curve) in W if p = n+ 1(n = 1).
Let E be a Lebesgue measurable set in Rp, we denote
s (E + ξ) = {s(X + ξ)| X ∈ E}
for any s > 0 and ξ ∈ Rp, and JEK be the multiplicity one current associated with E. For
an n-dimensional integral current T in Rp, we denote |T | be the integral varifold associated
with T . Let ηξ,s be a translation plus homothety given by
ηξ,s(X) = s
−1(X − ξ).
Let S be a varifold or current in Rp, we define s−1 (S − ξ) = ηξ,s♯S in this text for
convenience, where the definition of ηξ,s♯ is the same as in [15](or [31]). We will use
another way to describe the multiplicity of S.
3. Geometry of self-expanders
3.1. E-minimizing graphic self-expanding hypersurfaces. Every self-expander with
codimension 1 is an E-minimizing self-expanding hypersurface in Ω × R if it is a graph
over a domain Ω ⊂ Rn.
6 QI DING
Lemma 3.1. Let Ω be a bounded domain in Rn and M be a graphic self-expander in Ω×R
with the graphic function u and with the volume element dµM . For any smooth compact
hypersurface W ⊂ Ω× R with ∂M = ∂W and the volume element dµW , one has
(3.1)
∫
M
e
|X|2
4 dµM ≤
∫
W
e
|X|2
4 dµW ,
where the above inequality attains equality if and only if W =M .
Proof. Let U be the domain in N enclosed by M and W . Without loss of generality, we
assume that M ∩W = ∂M . Let Y be a vector field on M defined by
Y = −
n∑
i=1
ui√
1 + |Du|2 e
∑n+1
i=1
x2i
4 Ei +
1√
1 + |Du|2 e
∑n+1
i=1
x2i
4 En+1.
Viewing ui and |Du| as functions on Ω and translating Y toW along the En+1 (xn+1 axis)
direction, we obtain a vector field on U , denoted by Y , as well. From (2.4) we have
div(Y ) =−
n∑
i=1
(
∂xi
(
ui√
1 + |Du|2
)
+
xiui
2
√
1 + |Du|2
)
e
|X|2
4 +
xn+1
2
√
1 + |Du|2 e
|X|2
4
=
xn+1 − u
2
√
1 + |Du|2 e
|X|2
4 ,
where div stands for the divergence on Rn+1, and |X|2 = ∑n+1i=1 x2i . Let νM , νW be the
unit normal vectors of M,W respectively, such that Y |M = e
|X|2
4 νM . If W is above M ,
by Stokes’ theorem, up to a sign of νW we get
(3.2)
0 ≤
∫
U
xn+1 − u
2
√
1 + |Du|2 e
|X|2
4 =
∫
U
div(Y ) = −
∫
M
〈Y, νM 〉dµM +
∫
W
〈Y, νW 〉dµW
≤−
∫
M
e
|X|2
4 dµM +
∫
W
e
|X|2
4 dµW ,
where equality holds if and only if M =W . It is similar for the case that W is below M ,
and we complete the proof. 
3.2. Bochner type formula for second fundamental form. For a hypersurface M
in Rn+1, we choose a local orthonormal frame field {e1, · · · , en} of M at any considered
point and let ∇ be the Levi-Civita connection of Rn+1. Let A be the second fundamental
form and Aeiej = h(ei, ej)ν = hijν. Here, ν is the unit normal vector of M in R
n+1. Then
the coefficients of the second fundamental form hij are a symmetric 2−tensor on M and
(3.3) hij = 〈∇eiej , ν〉.
Denote mean curvature H =
∑
i hii and the square of the second fundamental form |A|2 =∑
i,j h
2
ij .
Lemma 3.2. Let M be a self-expander in Rn+1. Then
(3.4) ∆hij +
1
2
〈X,∇hij〉+
(
1
2
+ |A|2
)
hij = 0.
Proof. By Ricci identity, one has
(3.5) ∆hij = hijkk = hikjk = hikkj + hilRklkj + hklRilkj.
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Combining Gauss formula Rijkl = hikhjl − hilhjk and (2.1), we have
(3.6)
∆hij =Hij + hil(hkkhlj − hkjhkl) + hkl(hikhlj − hijhkl)
=
1
2
(〈X, ν〉)ij +Hhikhjk − |A|2hij.
Since
(3.7)
∇ei(h(ej , ek)) =(∇eih)(ej , ek) + h(∇eiej , ek) + h(ej ,∇eiek)
=hjki + 〈∇eiej , el〉hkl + 〈∇eiek, el〉hjl,
then
(3.8)
(〈X, ν〉)ij =∇ei∇ej〈X, ν〉 − ∇∇eiej 〈X, ν〉
=−∇ei(〈X, ek〉hjk)− 〈∇eiej , ek〉〈X,∇ekν〉
=− hij − 〈X,∇eiek〉hjk − 〈X, ek〉
(
hjki + 〈∇eiej , el〉hkl
+ 〈∇eiek, el〉hjl
)
+ 〈∇eiej , ek〉〈X, el〉hkl
=− hij − 〈X, ν〉hikhjk − 〈X,∇eiek〉hjk − 〈X, ek〉hijk
− 〈X, ek〉〈∇eiek, el〉hjl
=− hij − 〈X, ν〉hikhjk − 〈X, el〉〈el,∇eiek〉hjk − 〈X,∇hij〉
+ 〈X, ek〉〈ek,∇eiel〉hjl
=− hij − 2Hhikhjk − 〈X,∇hij〉.
Combining (3.6) and (3.8), we complete the Lemma. 
Remark. Lemma 3.4 can also follow directly from the evolution equation for hij under
the mean curvature flow
√
tM , as the reviewer pointed out.
Taking the trace of (3.4), we obtain
(3.9) ∆H +
1
2
〈X,∇H〉+
(
1
2
+ |A|2
)
H = 0.
Analog to (3.8), we have
(3.10)
(〈En+1, ν〉)ij =∇ei∇ej〈En+1, ν〉 − ∇∇eiej〈En+1, ν〉
=−∇ei(〈En+1, ek〉hjk)− 〈∇eiej , ek〉〈En+1,∇ekν〉
=− 〈En+1,∇eiek〉hjk − 〈En+1, ek〉
(
hjki + 〈∇eiej , el〉hkl
+ 〈∇eiek, el〉hjl
)
+ 〈∇eiej , ek〉〈En+1, el〉hkl
=− 〈En+1, ν〉hikhjk − 〈En+1,∇eiek〉hjk − 〈En+1, ek〉hijk
− 〈En+1, ek〉〈∇eiek, el〉hjl
=− 〈En+1, ν〉hikhjk − 〈En+1, el〉〈el,∇eiek〉hjk − 〈En+1,∇hij〉
+ 〈En+1, ek〉〈ek,∇eiel〉hjl
=− 〈En+1, ν〉hikhjk − 〈En+1,∇hij〉.
Hence
(3.11)
∆〈En+1, ν〉 =− |A|2〈En+1, ν〉 − 〈En+1,∇H〉
=− |A|2〈En+1, ν〉 − 1
2
〈En+1, ei〉〈X,∇eiν〉
=− |A|2〈En+1, ν〉 − 1
2
〈X,∇〈En+1, ν〉〉.
8 QI DING
When M is a graph with a graphic function u, we define w = − log〈En+1, ν〉 = 12 log(1 +
|Du|2). Then
(3.12) ∆w = |A|2 − 1
2
〈X,∇w〉 + |∇w|2.
3.3. Stable self-expanders. For a C2-hypersurface M ⊂ Rn+1, we define a family of
hypersurfaces Ms by X(·, s) : M → Rn+1 with X(p, s) = p + sf(p)ν(p), where ν is the
unit normal vector of M , and f ∈ C∞c (M). Let ν(p, s) denote the unit normal to Ms at
the point X(p, s) and H(p, s) be the mean curvature of Ms at the point X(p, s). So we
get
(3.13)
∂
∂s
∫
Ms
e
|X|2
4 dµ =
∫
Ms
(
−H + 〈X, ν〉
2
)
fe
|X|2
4 dµ.
Hence self-expanders are critical points of the area-functional with the weight e
|X|2
4 . By
standard calculations on H and ν, we have (see Theorem 3.2 in [17] for example)
(3.14)
∂H
∂s
(p, 0) = ∆Mf(p) + |A|2(p)f(p),
∂ν
∂s
(p, 0) = −∇Mf(p).
Then we get
(3.15)
∂2
∂s2
∣∣∣∣
s=0
∫
Ms
e
|X|2
4 dµ =
∫
M
(
−∆Mf − |A|2f − 〈X,∇Mf〉
2
+
f
2
)
fe
|X|2
4 dµ.
We say that a smooth self-expander M is stable if
(3.16)
∫
M
(
|∇Mf |2 − |A|2f2 + 1
2
f2
)
e
|X|2
4 dµ ≥ 0.
for any f ∈ C∞c (M).
We say an n-dimensional minimal cone C in Rn+1(n ≥ 2) stable, if the second variation
of area functional on C \ {0} is nonnegative. We say C a stable self-expander if C \ {0} is
a stable self-expander.
Theorem 3.3. Any minimal cone with an isolated singularity is stable if and only if it is
a stable self-expander.
Proof. Let Σ be a minimal hypersurface in Sn with the second fundament form AΣ. As
every 1 dimensional smooth minimal surface in S2 is an equator, we assume n ≥ 3. With
respect to (3.16), for any f = f(ξ, t) ∈ C∞c (Σ × (0,∞)) we define
(3.17)
I(f) ,
∫
Σ×R+
(
−∆Σf − |AΣ|2f − (n− 1)t∂f
∂t
− t2 ∂
2f
∂t2
− t
3
2
∂f
∂t
+
t2
2
f
)
tn−3fe
t2
4 dµΣdt.
Integrating by parts implies
(3.18) I(f) =
∫
Σ×R+
(
−f∆Σf − |AΣ|2f2 + t2
(
∂f
∂t
)2
+
t2
2
f2
)
tn−3e
t2
4 dµΣdt.
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Since
(3.19)
∫ ∞
0
(
∂
∂t
(
fe
t2
8
))2
tn−1e
t2
4 dt =
∫ ∞
0
((
∂f
∂t
)2
+
t
2
f
∂f
∂t
+
t2
16
f2
)
tn−1e
t2
4 dt
=
∫ ∞
0
(
∂f
∂t
)2
tn−1e
t2
4 dt−
∫ ∞
0
(
n
4
+
t2
16
)
f2tn−1e
t2
4 dt,
then from (3.18) one has
(3.20)
I(f) ≥
∫
Σ×R+
(
−fe t
2
8 ∆Σ
(
fe
t2
8
)
− |AΣ|2
(
fe
t2
8
)2
+ t2
(
∂
∂t
(
fe
t2
8
))2)
tn−3dµΣdt.
If CΣ is a stable minimal cone, then I(f) ≥ 0 for any f = f(ξ, t) ∈ C∞c (Σ× (0,∞)) by the
definition of stable minimal cones. Hence we conclude that CΣ is a stable self-expander.
Let λ1 be the first eigenvalue of the operator ∆Σ+ |AΣ|2 with the corresponding eigen-
function ϕ1 on Σ satisfying
∫
Σ ϕ
2
1 = 1. Let η ∈ C∞c ((0,∞)) and f(y, t) = ϕ1(y)η(t) for
(y, t) ∈ Σ× (0,∞), then from (3.18)
(3.21)
I(f) =
∫
Σ×R+
(
λ1η
2 +
1
2
t2η2 + t2
(
∂η
∂t
)2)
tn−3ϕ21e
t2
4 dµΣdt
=
∫ ∞
0
(
λ1η
2 +
1
2
t2η2 + t2
(
∂η
∂t
)2)
tn−3e
t2
4 dt , I0(η),
where we have used ∆Σϕ1 + |AΣ|2ϕ1 + λ1ϕ1 = 0 in the first step of (3.21).
If CΣ is a unstable minimal cone, then by scaling (see the structure of the formula
(6.4.3) in [42]) there is a function f = f(ξ, t) ∈ C∞c (Σ × [ǫ0, 1]) for some 0 < ǫ0 < 1 such
that
(3.22)
∫
Σ×[ǫ0,1]
(
−∆Σf − |AΣ|2f − (n− 1)t∂f
∂t
− t2 ∂
2f
∂t2
)
tn−3fdµΣdt < 0.
All the eigenvalues of Jacobi operator for CΣ on Σ× [ǫ0, 1] can be computed from [34] or
Section 6.4 in [42]. Hence, with Lemma 6.4.5 in [42], the first eigenvalue λ1 +
(n−2)2
4 +(
π
log ǫ0
)2
< 0. For any ǫ > 0, we define a Lipschitz function
ηδ,R(t) =

2δǫ−
n
2
(
e−
δ2
4 − e−R
2
4
)(
t− δ
2
)
,
[
δ
2
, δ
)
tǫ+1−
n
2
(
e−
t2
4 − e−R
2
4
)
, [δ,R)
0 ,
(
0,
δ
2
)
∪ [R,∞)
for any R > 1 > δ > 0. By the definition of the functional I0 in (3.21),
(3.23)
I0(ηδ,R) =
∫ δ
δ
2
(
λ1 +
1
2
t2 +
t2
(t− δ2)2
)
η2δ,Rt
n−3e
t2
4 dt
+
∫ R
δ
(
λ1η
2
δ,R +
1
2
t2η2δ,R + t
2
(
∂ηδ,R
∂t
)2)
tn−3e
t2
4 dt.
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Set η(t) = tǫ+1−
n
2 e−
t2
4 on (0,∞). Since
(3.24)
∣∣∣∣∣
∫ δ
δ
2
(
λ1 +
1
2
t2 +
t2
(t− δ2 )2
)
η2δ,Rt
n−3e
t2
4 dt
∣∣∣∣∣
≤
∫ δ
δ
2
∣∣∣∣∣λ1 + 12 t2 + t2(t− δ2 )2
∣∣∣∣∣ 4δ2ǫ−n
(
t− δ
2
)2
tn−3dt
≤4
(
|λ1|+ 3
2
)∫ δ
δ
2
δ2ǫ−ntn−1dt ≤
(
|λ1|+ 3
2
)
4
n
δ2ǫ,
then
(3.25)
lim
R→∞,δ→0
I0(ηδ,R) =
∫ ∞
0
(
λ1η
2 +
1
2
t2η2 + t2
(
∂η
∂t
)2)
tn−3e
t2
4 dt
=
∫ ∞
0
(
λ1t
2ǫ−1 +
1
2
t2ǫ+1 +
(
ǫ+ 1− n
2
− t
2
2
)2
t2ǫ−1
)
e−
t2
4 dt
=22ǫ−1
∫ ∞
0
(
λ1 + 2s+
(
ǫ+ 1− n
2
− 2s
)2)
sǫ−1e−sds
=22ǫ−1
((
λ1 +
(
ǫ+ 1− n
2
)2)
Γ(ǫ) + 2(n − 1− 2ǫ)Γ(1 + ǫ) + 4Γ(2 + ǫ)
)
,
where Γ(s) is the standard Gamma function
∫∞
0 t
s−1e−tdt for s > 0. Note λ1 ≤ − (n−2)
2
4 −(
π
log ǫ0
)2
for n ≥ 3 and limǫ→0+ Γ(ǫ) = +∞, then for any sufficiently small constant ǫ > 0,
we have
(3.26) limR→∞,δ→0
I0(ηδ,R) < 0.
Hence CΣ is a unstable self-expander. We complete the proof. 
4. Rotational graphic self-expanders
We want to study the existence of self-expanders via constructing barrier functions.
Rotational symmetric self-expanders are a class of simple but important self-expanders in
Euclidean space. In this setting, (2.4) reduces to the following ODE
(4.1) J u , urr
1 + u2r
+
n− 1
r
ur +
1
2
rur − 1
2
u = 0 on (0,∞)
with n ≥ 2, u′(0) = 0 and limr→∞ u(r)r = κ > 0.
Set
w(r) = κr +
K
r
for r > 0 and some constant K to be defined. Clearly, wr = κ− Kr2 and wrr = 2Kr3 . Then
(4.2)
Jw = 2K
r3(1 + w2r)
+
(n− 1)κ
r
− (n− 1)K
r3
+
1
2
κr − K
2r
− 1
2
κr − K
2r
=
2K
r3(1 + w2r)
+
(n− 1)κ−K
r
− (n− 1)K
r3
.
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For n ≥ 2 and R ≥ n, put K±R = ±(1 + κ)R2. Then |κ−K±Rr−2| ≥ 1 and
(4.3) J
(
κr +
K+R
r
− K
+
R
R
)
≤ K
+
R
r3
+
(n− 1)κ−K+R
r
− (n− 1)K
+
R
r3
+
K+R
2R
< 0
on (0, R). Similarly,
(4.4) J
(
κr +
K−R
r
− K
−
R
R
)
≥ K
−
R
r3
+
(n− 1)κ−K−R
r
− (n− 1)K
−
R
r3
+
K−R
2R
> 0
on (0, R). Namely, κ|x| + K
±
R
|x| −
K±R
R are super(sub)solutions to (2.4). Denote BR be the
ball centered at the origin with radius R in Rn+1. Hence, the smooth solution to (2.4)
with boundary data κR > 0 on ∂BR for R ≥ n has a priori boundary gradient estimate,
which is also a global gradient estimate from the maximum principle for (3.12). From
the existence theory of elliptic equations by the continuity method (as well as Schauder
estimates), there exists a unique smooth solution uκ,R to (2.4) with uκ,R = κR > 0 on ∂BR
for each R ≥ n. Let A denote an n × n-orthonormal matrix with A A T = I, then it is
easy to see that uκ,R(A ·) is also a smooth solution to (2.4) with uκ,R(A ·) = κR on ∂BR.
By the uniqueness of uκ,R, we conclude that uκ,R is a rotationally symmetric solution.
Namely, there exists a unique solution φκ,R to (4.1) on (0, R) with φκ,R(R) = κR > 0 and
φ′κ,R(0) = 0. If there is a point r∗ ∈ (0, R) with φ′κ,R(r∗) < 0, then there are a hyperplane
{xn+1 = r∗} and a domain Ω∗ with Ω∗ ⊂ BR such that |uκ,R| ≥ |r∗| in Ω∗ and uκ,R = r∗
on ∂Ω∗. However, the rectifiable hypersurface {(x, uκ,R)| x ∈ BR \ Ω∗} ∪ (Ω∗ × {r∗})
has smaller mass with the weight e
|X|2
4 than {(x, φκ,R(|x|))| x ∈ BR}, which contradicts
to that graphuκ,R = {(x, φκ,R(|x|))| x ∈ BR} is a smooth E-minimizing self-expanding
hypersurface inBR×R from Lemma 3.1. So we conclude that φ′κ,R ≥ 0 on [0, R). Moreover,
by comparing the mass of the rectifiable hypersurface {(x,max{0, uκ,R(|x|)})| x ∈ BR}
with the weight e
|X|2
4 , we concluding that φκ,R(0) ≥ 0 again from the smooth E-minimizing
self-expanding hypersurface graphuκ,R .
Now let us give a refined super(sub)solutions to (4.1). When n = 2, we set K = 2+2κ.
For r ∈ (0,√2],
w2r =
(
K
r2
− κ
)2
≥
(
K
2
− κ
)2
= 1,
then obviously Jw ≤ 0. For r ∈ [√2,∞),
Jw ≤ 2K
r3
+
κ−K
r
− K
r3
=
K
r3
+
κ−K
r
≤ K
2r
+
κ−K
r
= −1
r
< 0.
Hence we always have Jw ≤ 0 on (0,∞). When n ≥ 3, Jw ≤ 0 holds clearly if K =
(n− 1)κ. Namely,
(4.5) J
(
κr +
(n − 1)κ
r
)
≤ 0 for n ≥ 3.
Note that J (κr) ≥ 0 and φκ,R(0) ≥ 0. By comparison principle, we obtain
(4.6) κr ≤ φκ,R(r) ≤ κr + K
r
≤ κr + nκ+ 2
r
for r ∈ [0, R].
Combining φ′κ,R ≥ 0, we have κr ≤ φκ,R(r) ≤ φκ,R(1) ≤ (n + 1)κ + 2 for every r ∈ [0, 1].
Let R → ∞ in φκ,R, we obtain a function φκ such that {(x, φκ(|x|))| x ∈ Rn} is an
E-minimizing self-expanding hypersurface in Rn+1. Then its singular set has Hausdorff
dimension ≤ n − 7 in case n ≥ 7 or is empty in case n ≤ 6. As the hypersurface is
rotationally symmetric, then its singular set is empty by blowing up argument, which
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follows that φκ is smooth by the regularity of elliptic equations. Moreover, φκ is a smooth
solution to (4.1) with φ′κ ≥ φ′κ(0) = 0 and limr→∞ φκ(r)r = κ > 0. In particular,
(4.7) 0 ≤φκ(r)− κr ≤ ((n+ 1)κ+ 2)min{1, r−1} for r ∈ (0,∞).
We denote
(4.8) Mκ = {(x, φκ(|x|))| x ∈ Rn}
for such φκ, which is a rotational symmetric self-expander.
Now we consider 1-dimensional self-expander, namely, the solution to the following
ODE
(4.9) J1u , uyy
1 + u2y
+
1
2
yuy − 1
2
u = 0 on (−∞,∞)
with lim|y|→∞
u(y)
|y| = κ > 0. Assume that u is a solution to (4.9) on (−R,R) with
u(±R) = κR. Then from lemma 3.1, graphu is a E-minimizing self-expanding curve.
Hence u ≤ κR on (−R,R), or else the curve {(y,min{u, κR})| |y| < κR} has smaller
mass with the weight e
|X|2
4 than graphu. Note that J1(κy) = 0 and J1(κR) ≤ 0. Analog
to the previous argument of the case n ≥ 2, with a priori gradient estimate and the
continuity method, there exists a unique solution φˆκ,R to (4.9) with φˆκ,R(±R) = κR such
that φˆκ,R(y) = φˆκ,R(−y), φˆ′κ,R(0) = 0, and φˆ′κ,R ≥ 0 on [0, R).
Let
w(y) = κy +
τ
y
e−
1
4
y2
with τ > 0 to be defined later. Clearly, wy = κ− τ2e−
1
4
y2 − τy2 e−
1
4
y2 and
wyy =
(
τy
4
+
τ
2y
+
2τ
y3
)
e−
1
4
y2 .
Hence
(4.10) J1w =
(
1
1 +w2y
(
y
4
+
1
2y
+
2
y3
)
− y
4
− 1
y
)
τe−
1
4
y2 .
Set τ = 2emax{κ, 2}. When y ∈ (0, 2), we have wy ≤ κ − τ2e−1 − τy2 e−
1
4
y2 ≤ − τ
y2
e−
1
4
y2 ,
and
(4.11)
J1w ≤
((
y
4
+
1
2y
+
2
y3
)
y4
τ2
e
1
2
y2 − y
4
− 1
y
)
τe−
1
4
y2
≤
((
y5
4
+
y3
2
+ 2y
)
1
τ2
e
1
2
y2 − 1
)
τe−
1
4
y2
≤
(
16
τ2
e2 − 1
)
τe−
1
4
y2 ≤ 0.
When y ≥ 2, we have
(4.12) J1w =
(
y
4
+
1
2y
+
2
y3
− y
4
− 1
y
)
τe−
1
4
y2 ≤ 0.
From comparison principle and J1(κy) = 0, we obtain
(4.13) κy ≤ φˆκ,R(y) ≤ κy + τ
y
e−
1
4
y2 ≤ κy + 2e(κ+ 2)
y
e−
1
4
y2 for y ∈ [0, R].
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Since φˆ′κ,R ≥ 0 on [0, R), then φˆκ,R(y) ≤ φˆκ,R(2) ≤ κ+ 2 for y ∈ (0, 2]. Therefore,
(4.14) κy ≤ φˆκ,R(y) ≤ κy +min
{
2e(κ + 2)
y
e−
1
4
y2 , 3κ+ 2
}
for y ∈ [0, R].
Letting R→∞ for φˆκ,R, we obtain a function φˆκ to (4.9) in R with φˆκ(y) = φˆκ(−y) and
limy→∞
φˆκ(y)
y = κ > 0. Further, {(y, φˆκ(y))| y ∈ R1} is an E-minimizing self-expanding
curve in R2, which implies that φˆκ is smooth. In particular,
(4.15) 0 ≤φˆκ(y)− κy ≤ min
{
2e(κ + 2)
y
e−
1
4
y2 , 3κ + 2
}
for y ∈ (0,∞).
Remark: The above estimate may be not sharp for the decay order.
Lemma 4.1. Let φλ be a smooth solution to (4.1) for n ≥ 1 with φ′λ ≥ φ′λ(0) = 0 and
limr→∞
φλ(r)
r = λ > 0. Then limλ→∞ φλ(0) =∞.
Proof. If the Lemma fails, there are a constant λ0 and a sequence λi →∞ so that for such
solutions φλi there holds 0 ≤ φλi(0) ≤ λ0 for each i ≥ 1. Denote
Σi = λi
{
(x, s) ∈ Rn+1| s = φλi(|x|) − φλi(0), x ∈ Rn
}
.
Then Σi is a rotationally symmetric graph through the origin and
(4.16)
Σi ⊂λi{(x, s) ∈ Rn+1| s ≥ max{λi|x| − φλi(0), 0}, x ∈ Rn
}
={(x, s) ∈ Rn+1| s ≥ λimax{|x| − φλi(0), 0}, x ∈ Rn
}
⊂{(x, s) ∈ Rn+1| s ≥ λimax{|x| − λ0, 0}, x ∈ Rn
}
.
Denote pi = (0, φλi(0)) ∈ Rn+1, and Si be a portion of ∂Bkλ0(0) with k ≥ 2 and boundary
∂Si = ∂Σi ∩ ∂Bkλ0(0) such that Si belongs to the last term in (4.16). By the definition of
φλ, Σi is a rigid-body motion of an E-minimizing self-expanding hypersurface, then
(4.17)
Hn(Σi ∩Bkλ0(0)) ≤
∫
Σi∩Bkλ0(0)
e
|X+pi|2
4λ2
i dµΣi ≤
∫
Si
e
|X+pi|2
4λ2
i dµSi = Hn(Si)e
(k+1)2λ20
4λ2
i .
From the equation of self-expanders, the mean curvature of Σi is bounded by
(k+1)λ0
2λ2i
in
Bkλ0(0). Combining Theorem 17.6 of [31] and 0 ∈ Σi, for the sufficiently large i > 0 we
have Hn(Σi ∩ Bkλ0(0)) ≥ 34ωnknλn0 , where ωn is the volume of n-dimensional unit ball in
R
n. Combining (4.17), we have
Hn(Si) ≥ 1
2
ωnk
nλn0
for the sufficiently large i > 0. From (4.16), for the sufficiently large i > 0 we have
lim sup
i→∞
Hn(Si) ≤
∫
Bλ0 (0)
kλ0√
k2λ20 − |x|2
dx ≤ k√
k2 − 1ωnλ
n
0 .
It’s a contradiction for the large k > 0. This completes the proof. 
Now we give a Bernstein type theorem for self-expanders. One may compare it with
Lemma 6.6.
Theorem 4.2. Any smooth self-expander whose tangent cone at infinity is a hyperplane
with an integer multiplicity, must be a hyperplane.
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Proof. Let Σ be a smooth self-expander Rn+1 with tangent cone Rn at infinity. For n ≥ 3,
we have two barrier functions ±ǫr ± (n−1)ǫr from (4.5). In other words, by maximum
principle Σ is pinched by two graphs{(
x, ǫ|x|+ (n − 1)ǫ|x|
) ∣∣∣∣ x ∈ Rn \ {0}} , and {(x,−ǫ|x| − (n− 1)ǫ|x|
) ∣∣∣∣ x ∈ Rn \ {0}} .
Letting ǫ → 0 implies that Σ is Rn. If Σ is a self-expander in Rk, then Σ × R2 is also a
self-expander in Rk+2. Therefore, we complete the proof. 
5. Asymptotic analysis for self-expanders
5.1. Allard’s type regularity theorem and decay at infinity for varifold self-
expanders. Let T be an n-dimensional varifold self-expander in Rn+1 with boundary ∂T
in BR0 for some R0 > 0. Set
T : t ∈ (0,∞)→ Tt =
√
tT.
We recall Huisken’s monotonicity formula for the Brakke flow T with boundary as follows
(see formula (1.2) in [9] for instance with the test function replacing by χBR (t
− 1
2 ·)). Here
χBR denotes the characteristic function on BR, i.e., it is equal to 1 on BR and 0 on
R
n+1 \ BR. Let ρ(X, t) = (4π(t0 − t))−n/2 exp
(
− |X−X0|24(t0−t)
)
with 0 < t < t0, then for
almost all R ≥ R0
(5.1)
d
dt
∫
Tt\B√tR
ρdµTt =
1
2
t−
1
2
∫
∂(Tt∩B√tR)
( |XT |
t
+
〈
(X −X0)T
t0 − t ,
XT
|XT |
〉)
ρdµTt
− 1
4
∫
Tt\B√tR
∣∣∣∣XNt + (X −X0)Nt0 − t
∣∣∣∣2 ρdµTt .
Here, dµTt is the volume element of Tt. We assume that the multiplicity function of the
varifold T is 1 a.e. and 1rT converges to |JCK| locally in the varifold sense as r → ∞.
Here, C is a C3,α-regular cone in Rn+1 for some α ∈ (0, 1), i.e., a cone over a compact,
embedded C3,α-hypersurface without boundary in the sphere Sn.
For any X = (X, t) ∈ Rn+1 × R and 0 < r < √t, we define the Gaussian density ratio
of T at X with radius r by
(5.2) Θ(T ,X, r) =
∫
Y ∈Tt−r2
1
(4πr2)n/2
e−
|Y−X|2
4r2 dµTt−r2 =
∫
Z∈
√
t
r2
−1T−X
r
1
(4π)n/2
e−
|Z|2
4 ,
and Θ(T ,X,√t) = limr→√tΘ(T ,X, r). Due to C = limr→∞ 1rT in the varifold sense, it
follows that for any fixed t > 0
(5.3)
sup
|X|≥ 1
ǫ
Θ(T ,X,√t) = sup
|X|≥ 1
ǫ
∫
Z∈C− X√
t
1
(4π)n/2
e−
|Z|2
4
= sup
|X|≥ 1
ǫ
√
t
∫
Z∈C−X
1
(4π)n/2
e−
|Z|2
4 .
Thus for any 0 < ǫ < 1, there is a constant ǫ′ = ǫ′(ǫ) > 0 such that
sup
|X|≥ 1
ǫ′ ,t∈(0,2]
Θ(T ,X,√t) ≤ sup
|X|≥ 1√
2ǫ′
∫
Z∈C−X
1
(4π)n/2
e−
|Z|2
4 < 1 +
ǫ
2
.
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From (5.1) with almost each R ∈ (R0, R0 + 1), for any 0 < r ≤
√
t ≤ √2, any X = (X, t)
with |X| ≥ 1ǫ′ , and the sufficiently small ǫ′ > 0 we get
(5.4)
Θ(T ,X, r) ≤
∫
Y ∈Tt−r2\B√t−r2R
1
(4πr2)n/2
e−
|Y−X|2
4r2 dµTt−r2 +
ǫ
4
<
∫ t−r2
0
1
2
s−
1
2
∫
Y ∈∂(Ts\B√sR)
( |Y |
s
+
|Y −X|
t− s
)
e
− |Y−X|2
4(t−s)
(4π(t − s))n/2
 ds
+
∫
Z∈C
1
(4πr2)n/2
e−
|Z−X|2
4r2 +
ǫ
4
<
1
(4πr2)n/2
e−
| 1ǫ′ −√2R|2
4r2
∫ t−r2
0
(∫
∂(Ts\B√sR)
(
R
2s
+
∣∣√2R+ 1ǫ′ ∣∣
2r2
√
s
))
ds
+
∫
Z∈C−X
r
1
(4π)n/2
e−
|Z|2
4 +
ǫ
4
.
Note that Ts converges as s→ 0 to C in the varifold sense, then combining Fubini theorem
we have
(5.5)
1
(4πr2)n/2
e−
| 1ǫ′ −√2R|2
4r2
∫ t−r2
0
(∫
∂(Ts\B√sR)
(
R
2s
+
∣∣√2R+ 1ǫ′ ∣∣
2r2
√
s
))
ds <
ǫ
4
for some R ∈ (R0, R0 + 1) and each sufficiently small ǫ′ > 0. Combining (5.4) one has
(5.6) Θ(T ,X, r) ≤
∫
Z∈C−X
r
1
(4π)n/2
e−
|Z|2
4 +
ǫ
2
.
for any 0 < r ≤ √t ≤ √2, and any X = (X, t) with |X| ≥ 1ǫ′ . In particular, taking
t = 1 + r2 and r → 0 implies
(5.7) lim sup
r→0
(∫
Y ∈T
1
(4πr2)n/2
e−
|Y−X|2
4r2 dµT
)
≤ 1 + ǫ
for any |X| ≥ 1ǫ′ .
Theorem 5.1. If T is a multiplicity one n-varifold self-expander in Rn+1 with boundary
∂T in BR0 , and its tangent cone at infinity is |JCK|. Then there exists a small constant
ǫ1 > 0 depending only on n,C and supx∈∂T |x| such that sptT \B 1
ǫ1
is smooth.
Proof. Let Hk(K) denote the k-dimensional Hausdorff measure of K for any constant
k ≥ 0 and any set K in Euclidean space. We claim that for every X ∈ Tx
(
R
n+1 \B 2
ǫ′
)
(one may find the definition of the natation ’x’ in Chapter 15 in [31]), there is a sufficiently
small ρ0 > 0 such that
(5.8)
Hn(TxBρ0(X))
ωnρn0
≤ 1 + 2ǫ,
where ωn is the volume of n-dimensional unit ball B1 ⊂ Rn. If not, there exist a point
X0 ∈ Tx
(
R
n+1 \B 2
ǫ′
)
and a sequence ρ1 > ρ2 > · · · > ρi → 0 such that
Hn(TxBρi(X0))
ωnρ
n
i
> 1 + 2ǫ,
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for all i ≥ 1. By the monotonicity identity 17.3 in [31] and the definition of generalized
mean curvature of varifold self-expander T , we get
d
dρ
(Hn(TxBρ(X0))
ωnρn
)
≥ −1
2
(|X0|+ ρ) .
Suppose that ρ1 is sufficiently small, then
(5.9)
Hn(TxBρ(X0))
ωnρn
> 1 +
3
2
ǫ,
for every ρ ∈ (ρi, ρ1]. Clearly, we can force ρi → 0, such that the inequality (5.9) holds on
(0, ρ1].
For X0 = (X0, 1 + r
2), the Gaussian density ratio
(5.10)
Θ(T ,X0, r) =
∫
Y ∈T
1
(4πr2)n/2
e−
|Y−X0|2
4r2 dµT ≥
∫
Y ∈T∩Bρ1 (X0)
1
(4πr2)n/2
e−
|Y−X0|2
4r2 dµT
=
∫ ρ1
0
1
(4πr2)n/2
e−
ρ2
4r2
d
dρ
Hn(TxBρ(X0))dρ
=
∫ ρ1
0
1
(4πr2)n/2
e−
ρ2
4r2
ρ
2r2
Hn(TxBρ(X0))dρ
≥
(
1 +
3
2
ǫ
)
ωn
∫ ρ1
0
1
(4πr2)n/2
e−
ρ2
4r2
ρ
2r2
ρndρ
=
(
1 +
3
2
ǫ
)
ωn
πn/2
∫ ρ21
4r2
0
tn/2e−tdt,
where ωn =
πn/2
Γ(n
2
+1) . Then for any sufficiently small r ∈ (0, ρ1) we have
Θ(T ,X0, r) > 1 + ǫ,
which is in contradiction to (5.7). Hence the inequality (5.8) holds. By Allard’s regularity
theorem(see Theorem 24.2 in [31] for instance) and the equation of self-expanders, we
complete the proof. 
Remark. The area ratios in Theorem 5.1 can be obtained directly from estimates on
the initial Gaussian density ratios for small r with the initial regular cone by [22] or [39],
as the reviewer pointed out.
In the above theorem, we have obtained that t ∈ (0,∞)→ √t (sptT ) is a smooth mean
curvature flow on
(
R
n+1 \B1
)×(0, ǫ21]. Furthermore, we have a more stronger convergence
as follows.
Lemma 5.2. As t→ 0, √tT converges to the regular cone C in C3-norm.
Proof. From (5.6), Θ(T ,X, r) < 1 + ǫ for any 0 < r ≤ √t ≤ √2, and any X = (X, t) with
|X| ≥ 1ǫ′ . By White’s regularity theorem [39], we have
(5.11) lim|X|→∞
|AT (X)| = 0,
where AT (X) is the second fundamental form of sptT at X.
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If there is a sequence of points Xi = (Xi, ti) ∈
√
ti (sptT ) with 1 ≤ |Xi| ≤ 2, ti → 0
and limi→∞ dH
(
C,Xi/
√
ti
)
> 0. Here, dH denotes the Hausdorff distance. Then for any
ǫ > 0, for the sufficiently small ǫ > 0, we have
(5.12)
∫
Z∈C− Xi√
ti
1
(4π)n/2
e−
|Z|2
4 < 1− ǫ.
Combining (5.6), we have
(5.13) 1 = Θ(T ,Xi, ri) ≤
∫
Z∈C− Xi√
ti
1
(4π)n/2
e−
|Z|2
4 +
ǫ
2
≤ 1− ǫ+ ǫ
2
= 1− ǫ
2
.
It contradicts to 0 < ǫ < 1. Hence, one has
(5.14) lim
r→∞ dH ((sptT ) ∩B2r \Br, C ∩B2r \Br) = 0.
Let νT denote the unit normal vector of T and νC denote the unit normal vector of C.
Now we claim that
(5.15) lim|X|→∞
sup
ξ,η∈B1(X), ξ∈C, η∈T
|νC(ξ)− νT (η)| = 0.
Namely, for any compact set K,
√
t (sptT )∩K converges to C ∩K in C1-norm. Note that
the cone C is of C3,α class. Analog to the step 1 in the proof of Theorem 1.1 in [38] (with
Schauder fixed-point theorem and Schauder estimates for linear parabolic equations), we
get
√
tT converging to the regular cone C in C3-norm.
Now let us show the claim (5.15). If (5.15) fails, then there exist a sequence of points
Xi with |Xi| → ∞ and a constant δ∗ > 0 such that
(5.16) limi→∞
sup
ξ,η∈B1(Xi), ξ∈C, η∈T
|νC(ξ)− νT (η)| = δ∗.
For any fixed X ∈ sptT , we define a cylindrical domain Cr(X) by {y+sνT (X)| y⊥νT , |y−
X| < 10r/δ∗, |s| < δ∗r} for all r > 0 and l ≥ 1. Now we define a sequence Lipschitz
function φi on R
n+1 with Lipschitz constant ≤ 2/δ∗ such that φi = 1 in C1(Xi), φi = 0 in
R
n+1 \C2(Xi). From the mean curvature flow of
√
t (sptT ), we have
(5.17)∫
√
tT
φi −
∫
√
sT
φi ≤−
∫ t
s
∫
√
τT
|H√τT |2φidµTτdτ +
∫ t
s
∫
√
τT
|H√τT | · |∇φi|dµTτdτ
≤ 2
δ∗
∫ t
s
∫
√
τT∩C2(Xi)
|H√τT |dµTτdτ
for each 0 < s < t, where H√tT is the mean curvature of
√
tT . From (5.11), there is a
sequence τi → 0 such that |H√τT | ≤ τi√τ on
√
τT ∩C2(Xi). With (5.6), there is a constant
c depending only on n and the cone C such that Hn (√τT ∩C2(Xi)) ≤ cδ−n∗ . Then we
get
(5.18)
∫
√
tT
φi −
∫
√
sT
φi ≤ 2
δ∗
∫ t
s
cδ−n∗
τi√
τ
dτ ≤ 4cτiδ−n−1∗
√
t,
and letting s→ 0 implies
(5.19)
∫
T
φi ≤
∫
C
φi + 4cτiδ
−n−1
∗ .
By the definition of φi, we have
∫
T φi ≥ ωn(10δ∗ )n for the sufficiently large i ≥ 0. With
(5.16),
∫
C φi ≤ 12ωn(10δ∗ )n for the sufficiently large i ≥ 0. It’s a contradiction to (5.19).
Hence we complete the proof of (5.15), and then complete the proof of this lemma. 
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From the above lemma, for the sufficiently small ǫ1 > 0, there is a constant cǫ1 depend-
ing only on n, ǫ1 and the cone C such that for any X = (X, t) ∈
(
B2 \B1
)× (0, ǫ21]
|A√tT (X)| ≤ cǫ1 ,
where A√tT (X) is the second fundamental form of
√
t (sptT ) at X. Namely, for any r ≥ 1ǫ1
(5.20) |AT | ≤ cǫ1
r
on (B2r \Br) ∩ sptT . Set AC be the second fundamental form of C \ {0}. Then there
is a constant c > 0 such that the norm of the second fundamental form |AC(x)| ≤ c|x| at
x ∈ C \ {0}. Let us recall that c denotes a positive constant depending only on n and the
cone C but will be allowed to change from line to line.
For any point z ∈ sptT we define a subset Ez of C by
{ξz ∈ C
∣∣ |z − ξz| = dist(z, C) , inf
y∈C
|y − z|}.
From 1r (sptT )→ C locally in C3-sense, |ξz| ≥ |z|2 for the large |z| > 0. Then we have
|z − ξz| · |AC(ξz)| ≤ cdist(z, C)|ξz| ≤ 2c
dist(z, C)
|z|
and
lim sup
z∈sptT,|z|→∞
(
sup
ξz∈Ez
|z − ξz| · |AC(ξz)|
)
≤ 2c lim sup
z∈sptT,|z|→∞
(
dist(z, C)
|z|
)
= 0.
So there is a constant R1 >
1
ǫ1
such that for each z ∈ sptT \ BR1 , Ez includes only one
point denoted by z
C
(see also the proof of Lemma 2.3 in [37]). Hence we can define a
function f by
(5.21) zC + f(zC )νC = z,
where νC is the unit normal vector of C at zC pointing to z. Since
1
r (sptT ) converges to
the cone C in C3-sense on B4 \B 1
2
as r →∞,
(5.22) lim sup
y∈C,|y|→∞
(
3∑
i=0
|y|i−1|∇iCf(y)|
)
= 0.
So there is a constant R2 > R1 such that f satisfies
(5.23)
3∑
i=0
|y|i−1|∇iCf(y)| ≤
1
100
for every y ∈ C \BR2 . Furthermore, we have the following estimates.
Lemma 5.3. There is a constant R3 ≥ R2 depending on n,C and supx∈∂T |x|, such that
at y ∈ C \BR3,
(5.24) |∇iCf(y)| ≤ c|y|−i−1 for i = 0, 1.
Proof. For any x0 ∈ C \ BR2 , there is a unique hyperplane P ⊂ Rn+1 through 0, x0
such that P is tangent to C at x0. In a small tubular neighborhood of the radial line
{tx0| t ≥ R3} for a sufficiently large constant R3 ≥ R2, sptT can be seen as a graph over
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an open set P0 ⊂ P with the graphic function u and tx0 ∈ P0 for all t ≥ R3. From (5.23),
one has
(5.25) |u(x)| + |x| · |Du(x)| ≤ 1
50
|x|
and
(5.26) |Di+1u(x)| ≤ c|x|−i
for every x ∈ P0, and 1 ≤ i ≤ 2. Clearly, u(x0) = f(x0). The normal vector to T at x0 is
−∇Cf(x0) + νC(x0)√
1 + |∇Cf(x0)|2
=
−Du(x0) + νC(x0)√
1 + |Du(x0)|2
,
which implies ∇Cf(x0) = Du(x0). Hence from (5.22) we obtain
(5.27) lim
t→∞
(
t−1|u(tx0)|+ |x0| · |Du(tx0)|
)
= 0,
and then
(5.28)
u(x0)
|x0| = −
∫ ∞
1
∂
∂t
(
u(tx0)
t|x0|
)
dt =
∫ ∞
1
−tx0 ·Du(tx0) + u(tx0)
t2|x0| dt.
Combining (2.5), (5.25) and (5.26) one gets
(5.29)
|u(x0)| ≤
∫ ∞
1
|−tx0 ·Du(tx0) + u(tx0)|
t2
dt =
1
2
∫ ∞
1
t−2
∣∣∣∣∣∣
∑
i,j
gijuij
∣∣∣
tx0
∣∣∣∣∣∣ dt
≤
√
n
2
∫ ∞
1
t−2
∣∣D2u(tx0)∣∣ dt ≤ √n
2
∫ ∞
1
t−2
c
t|x0|dt =
√
nc
4|x0| .
Taking derivative on xk for (2.5), we obtain
(5.30) 2∂xk
∑
i,j
gijuij
 = −∑
i
xiuik.
Then by (5.25)(5.26), we have
(5.31)
∣∣∣∣∣∑
i
xiuik
∣∣∣∣∣ ≤ c|x|−2.
Hence
(5.32)
|uk(x0)| =
∣∣∣∣∫ ∞
1
∂
∂t
uk(tx0)dt
∣∣∣∣ =
∣∣∣∣∣
∫ ∞
1
∑
i
x0 ·Duk(tx0)dt
∣∣∣∣∣
≤
∫ ∞
1
c
t3|x0|2dt =
c
2|x0|2 .
We complete the proof. 
Let S be a scaling n-dimensional smooth self-expander outside a compact set, whose
mean curvature
(5.33) HS = p〈X, ν〉
for some constant p ∈ (0, 1]. Suppose that the tangent cone of JSK at infinity is also JCK.
Similarly, we can define a function f˜ on S \B 1
2
r
S
such that sptT is a graph over S \B 1
2
r
S
with the graphic function f˜ outside a compact set. Here, r
S
≥ 4R3 is a positive constant
depending only on n,C and supx∈∂S |x|. For any z ∈ sptT \B 2
3
r
S
there is a unique point
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z
S
∈ S such that f˜(z
S
) = |z − z
S
| = dist(z, S) , infy∈S |z − y|. Then z = zS + f˜(zS )νS
with the normal vector νS of S at zS . Further,
(5.34) lim sup
z
S
∈S,|z
S
|→∞
(
2∑
i=0
|z
S
|i−1
∣∣∣∇iS f˜(zS )∣∣∣
)
= 0,
where ∇S is the Levi-Civita connection of S.
Assume that S is a graph over C \B 1
4
r
S
with the graphic function ζ outside a compact
set. There is a point z
C
∈ C such that z
C
+ f(z
C
)νC = z. By the definition of f˜ we have
(5.35) f˜(z
S
) ≤ |z − z
C
− ζ(z
C
)νC | ≤ |z − zC |+ |ζ(zC )| ≤ c|zS |−1.
There exists a point zˆ
C
∈ C such that zˆ
C
+ ζ(zˆ
C
)νC = zS . The slopes of f at zC and ζ at
zˆ
C
are both bounded by c|z
C
|−2. Let θz denote the angle between the tangent space of S
at zS , and the tangent space of T at z, then |θz| ≤ c|zS |−2. Hence the slope of f˜ at zS is
bounded by c|z
S
|−2, namely,
(5.36) |∇S f˜(zS )| ≤ c|zS |−2 on S \BrS .
5.2. Linearisation and the Jacobi field operator on self-expanders. For any smooth
hypersurface S ⊂ Rn+1 (maybe with boundary) and any C2-function F on S, we define
(5.37) LSF , ∆SF + 1
2
〈x,∇SF〉+
(
|AS |2 − 1
2
)
F
at x ∈ S, where ∆S , ∇S , AS and HS are Laplacian, the Levi-Civita connection, the second
fundamental form and mean curvature of S in Rn+1, respectively.
Let {ei}ni=1 be an orthonormal basis at any considered point of C \ {0}, we define the
mean curvature of C by HC = 〈∇eiei, νC〉. Analog to self-shrinkers (Lemma 2.4 of L.
Wang [37]), we obtain the following lemma.
Lemma 5.4. There are constants R4, c > 0 depending only on n,C and supx∈∂T |x|, such
that at x ∈ C \BR4,
(5.38) LCf +HC = QC(x, f,∇Cf,∇2Cf),
where LCf is defined by (5.37) and the function QC(x, f,∇Cf,∇2Cf) satisfies
(5.39) |QC(x, f,∇Cf,∇2Cf)| ≤ c|x|−3 (|x| · |f |+ |∇Cf |) .
Proof. In a neighborhood of x0 ∈ C with |x0| > R4, there is a domain U0 including 0 in
R
n so that we can choose a local parametrization of C, and a map F : U0 → C such
that F (0) = x0, 〈∂iF (0), ∂jF (0)〉 = δij and ∂2ijF (0) = hijn(x0) with hij = 〈∇∂iF∂jF,n〉
and hij(0) = 0 if i 6= j. Here n(x0) = νC(x0). Then we have ∂in = −
∑
j hij∂jF . In a
neighborhood of y0 = x0+f(x0)n(x0), there is a local parameterization ofM , F˜ : U0 →M
such that
F˜ (p) = F (p) + f(p)n(p),
for p ∈ U0. Here, one has identified f(p) and n(p) with f(F (p)) and n(F (p)) as in [37],
respectively. For avoiding confusion, we use the notation n instead of νC in this proof. At
p = 0 ∈ U0, we have
(5.40)
∂iF˜ = ∂iF + (∂if)n+ f∂in = ∂iF + (∂if)n− f
∑
j
hij∂jF = (1− hiif)∂iF + (∂if)n,
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and the normal vector to M at F˜ (0)
(5.41) N = −
∑
k
∏
l 6=k
(1− hllf)
 (∂kf)∂kF +∏
k
(1 − hkkf)n.
By the proof of Lemma 2.4 in [37], we get at p = 0
(5.42)
〈
F˜ ,N
〉
= −
∑
k
∏
l 6=k
(1− hllf)
 〈F, ∂kF 〉(∂kf) + (〈F,n〉+ f)∏
k
(1− hkkf),
and
(5.43)
〈
∂2ijF˜ ,N
〉
= hii(∂if)(∂jf)
∏
k 6=i
(1− hkkf) + hjj(∂if)(∂jf)
∏
k 6=j
(1− hkkf)
+
(
hij − hiihjjδijf + ∂2ijf
)∏
k
(1− hkkf) + f
∑
k
∏
l 6=k
(1− hllf)
 (∂jhik)(∂kf).
Note that 〈F (0),n〉 = 〈x0,n〉 = 0 as C is a cone. By (5.24), clearly we have
(5.44)
〈
F˜ ,N
〉
=
(
f −
∑
k
〈F, ∂kF 〉(∂kf)
)∏
k
(1− hkkf) +Q0(x, f,∇Cf),
and
(5.45)
〈
∂2ijF˜ ,N
〉
=
(
hij − hiihjjδijf + ∂2ijf
)∏
k
(1− hkkf) +Q1ij(x, f,∇Cf),
where |Q0(x, f,∇Cf)| ≤ c|f |·|∇Cf |, |Q1ij(x, f,∇Cf)| ≤ c|x0|−1|∇Cf |2+c|x0|−2|f |·|∇Cf |.
Let g = gijdxidxj be the metric of M with 1-form dxi on U0. Then
gij =〈∂iF˜ , ∂jF˜ 〉 = (1− hiif)(1− hjjf)δij + (∂if)(∂jf)
=
δij
1 + 2hiif
+
(
1− 4
1 + 2hiif
)
h2iif
2δij + (∂if)(∂jf).
Hence
(5.46) gij =δij(1 + 2hiif) +Q2ij(x, f,∇Cf),
where |Q2ij(x, f,∇Cf)| ≤ c|x0|−2f2 + c|∇Cf |2 by (5.24). Since sptT \ BR1 is a smooth
self-expander, then
(5.47)
〈
∆T F˜ ,N
〉
=
1
2
〈
F˜ ,N
〉
.
Namely,
(5.48)
∑
i,j
gij
〈
∂2ijF˜ ,N
〉
=
1
2
〈
F˜ ,N
〉
.
Combining (5.44)-(5.46),(5.48), we obtain
(5.49)∑
k
∂2kkf +
1
2
∑
k
〈F, ∂kF 〉(∂kf) +
(
|AC |2 − 1
2
)
f +HC +Q3(x, f,∇Cf,∇2Cf) = 0,
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and
(5.50)
|Q3(x, f,∇Cf,∇2Cf)| ≤c
(
Q0(x, f,∇Cf) +Q1ij(x, f,∇Cf)
+Q2ij(x, f,∇Cf)
(|∇2Cf |+ |x0|−1)+ |x0|−1f |∇2Cf |)
≤c (Q0(x, f,∇Cf) +Q1ij(x, f,∇Cf) + |x0|−2|f |)
≤c|x0|−3 (|x0| · |f |+ |∇Cf |) ,
where we have used (5.23) and (5.24) in the above inequality. By
(5.51)
∑
k
∂2kkf(p) =
∑
k
∂2kkf(F (p)) =
∑
k
∂k 〈∇Cf, ∂kF 〉
=∆Cf +
∑
k
〈∇Cf, ∂2kkF〉 = ∆Cf +∑
k
〈∇Cf, hkkn〉 = ∆Cf,
we complete the proof. 
Analog to the computation in the proof of Theorem 5.38, from (5.34)-(5.36) we get the
following corollary.
Corollary 5.5. Let S be a scaling n-dimensional smooth self-expander satisfying (5.33)
for some constant p ∈ (0, 1] outside a compact set. If a self-expander T can be represented
as a smooth graph over S with the smooth graphic function f outside a compact set, and
with the same C3,α-regular tangent cone C at infinity as S. Then there is a constant
r˜
S
> r
S
> 0, such that at x ∈ S \Br˜
S
,
(5.52) LSf +
(
1− 1
2p
)
HS = QS(x, f,∇Sf,∇2Sf),
where the function QS(x, f,∇Sf,∇2Sf) satisfies
(5.53) |QS(x, f,∇Sf,∇2Sf)| ≤ c|x|−3 (|x| · |f |+ |∇Sf |) .
Now we consider an operator L0 defined by
(5.54) L0w = r
1−ne−
r2
4
∂
∂r
(
e
r2
4 rn−1
∂w
∂r
)
− w
2
.
For any τ ∈ R and r > 0, we have
(5.55) L0
(
r−n−1+τe−
r2
4
)
=
(
−τ
2
+
3(n+ 1)− (n+ 4)τ + τ2
r2
)
r−n−1+τe−
r2
4 .
Then for any s ∈ R
(5.56) L0
(
t(r + s)r−n−2e−
r2
4
)
= tr−n−2e−
r2
4
(
s
2
+
3n+ 3
r
+
4n+ 8
r2
s
)
.
Let Σ be an (n−1)-dimensional embedded C3,α-regular hypersurface in Sn and C = CΣ
is a cone over Σ. Let AΣ denote the second fundamental form of Σ. Denote x = rξ ∈
CΣ \ {0} with r > 0 and ξ ∈ Σ. For any ψ ∈ C2(Σ × R+) = C2(CΣ \ {0}), by (5.37) we
have
(5.57) LCψ = L0ψ +
1
r2
(
∆Σ + |AΣ|2
)
ψ.
Clearly, ∆Σ+ |AΣ|2 is an elliptic operator with eigenfunctions {ϕk}∞k=1 (with ϕ1 > 0) and
corresponding eigenvalues λ1 < λ2 ≤ λ3 ≤ · · · ≤ λk · · · <∞. Namely,
(5.58) ∆Σϕk + |AΣ|2ϕk + λkϕk = 0.
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We assume
∫
Σ |ϕk|2 = 1 for each k, then {ϕk}∞k=1 forms an orthonormal basis of L2(Σ).
5.3. Asymptotic decay estimates for self-expanders. Now let us study the asymp-
totic decay estimates for self-expanders which converge to the mean convex cones by the
Jacobi field operator on self-expanders at infinity. Recall the definition for the mean convex
cone in section 1 of this paper.
Lemma 5.6. Let C be an n-dimensional C3,α-regular mean convex cone pointing into Ω
in Rn+1 with ∂Ω = C. If outside a compact set, M is a smooth self-expander in Ω, which
is a graph over C with the positive graphic function f . Then there are constants ǫ2 > 0
and R5 > 0 such that on C \BR5 we have
(5.59) f(ξr) ≥ ǫ2r−n−1e− r
2
4 ϕ1(ξ).
Proof. Combining (5.56) (5.57) and (5.58), we obtain
(5.60)
LC
(
t(r + s)r−n−2e−
r2
4 ϕ1
)
=
(
s
2
+
3n+ 3
r
+
4n+ 8
r2
s− r + s
r2
λ1
)
tr−n−2e−
r2
4 ϕ1.
There is a constant R5 > R4 depending only on the cone C, such that on C \ BR5 , we
have
(5.61) LC
(
t(r + 1)r−n−2e−
r2
4 ϕ1
)
>
1
3
tr−n−2e−
r2
4 ϕ1
for any t > 0. Since f is positive, then there is a sufficiently small constant ǫR5 > 0 such
that
inf
∂BR5
(
f − ǫR5(R5 + 1)R−n−25 e−
R25
4 ϕ1
)
≥ 0.
Denote φ = ǫR5(r + 1)r
−n−2e−
r2
4 ϕ1 for convenience. Suppose that R5 is sufficiently large
such that |AC |2 < 1100 on C\BR5 . We assume that there is a point z = (p, r) ∈ Σ×(R5,∞)
such that
(5.62) f(z)− φ(z) = infC\BR4
(f − φ) < 0.
Then ∇Cf = ∇Cφ, and ∆C(f − φ) ≥ 0 at z. However, combining HC ≥ 0, (5.38) and
(5.61) at z we have
(5.63)
0 <
(
1
100
− 1
2
)
(f − φ) ≤∆C(f − φ) + 1
2
〈z,∇C(f − φ)〉+
(
|AC |2 − 1
2
)
(f − φ)
=LCf − LCφ < QC(z, f,∇Cf,∇2Cf)−HC −
φ
3(|z| + 1)
≤c
(
f
|z|2 +
|∇Cf |
|z|3
)
− φ
3(|z| + 1)
≤c
(
φ
|z|2 +
|∇Cφ|
|z|3
)
− φ
3(|z| + 1) ,
which is impossible for the sufficiently large R5 since φ is a smooth positive function.
Hence (5.62) does not hold, i.e.,
(5.64) infC\BR5
(f − φ) ≥ 0,
and then we complete the proof. 
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Lemma 5.7. Let S be a scaling smooth self-expander satisfying (5.33) with a constant
p ∈ (0, 1] outside a compact set. If a self-expander M can be represented as a smooth
graph over S with the graphic function f˜ , and M has the same C3,α-regular tangent cone
C at infinity as S. Denote πS be the projection from C to S. Then there are constants
R6 > 0 independent of p, and ǫ3 > 0, such that if f˜ ◦ πS is positive on C ∩ BR6 , then for
any ξr ∈ C \BR6 we have
(5.65) f˜ ◦ πS(ξr) ≤ ǫ−13 r−n−1e−
r2
4 ϕ1(ξ) if
(
1
2p
− 1
)
HS ≥ 0,
and
(5.66) f˜ ◦ πS(ξr) ≥ ǫ3 r−n−1e−
r2
4 ϕ1(ξ) if
(
1
2p
− 1
)
HS ≤ 0.
Proof. Let C = CΣ be the regular tangent cone of S at infinity, with the metric gC and
the Levi-Civita connection ∇C outside the vertex, respectively. Up to a compact set, S
can be seen as a graph over C with a graphic function f . Let {ξi} be a curve coordinate
of C and gC = σijdξidξj, then the metric of S can be denoted by
g˜ = g˜ijdξidξj =
(
σij + D˜ifD˜jf
)
dξidξj ,
where D˜ = ∇C , and D˜if = 〈D˜f, ∂∂ξi 〉 for convenience. Moreover,
g˜ij = σij − D˜
ifD˜jf
1 + |D˜f |2
, det g˜ij = (1 + |D˜f |2) det σij,
where D˜if = σijD˜jf and |D˜u|2 = σijD˜ifD˜jf . Let νC be the unit normal vector of C.
There is a sufficiently large constant R6 > 0 such that for each X ∈ S \ BR6 , there is a
unique x ∈ C with X = x+ f(x)νC . Hence for any F ∈ C2(S) and X = x+ f(x)νC ∈ S,
we identify F(X) with F(x). Then it follows that (see formula (2.2) in [11] for instance)
(5.67) ∆SF = 1√
g˜kl
∂ξj
(√
g˜klg˜
ij∂ξjF
)
= ∆CF + P1(X,∇CF),
where |P1(X,∇CF)| ≤ c|X|−5|∇CF|. Since
ν ,
1√
1 + |∇Cf |2
(
−
∑
i
D˜if
∂
∂ξi
+ νC
)
is the unit normal vector of S, one gets
(5.68)
∇SF =
∑
i
D˜iF ∂
∂ξi
−
〈∑
i
D˜iF ∂
∂ξi
, ν
〉
ν =
∑
i
D˜iF ∂
∂ξi
+
〈∇Cf,∇CF〉√
1 + |∇Cf |2
ν
=
∑
i
(
D˜iF − 〈∇Cf,∇CF〉
1 + |∇Cf |2 D˜
if
)
∂
∂ξi
+
〈∇Cf,∇CF〉
1 + |∇Cf |2 νC
=∇CF − 〈∇Cf,∇CF〉
1 + |∇Cf |2 ∇Cf +
〈∇Cf,∇CF〉
1 + |∇Cf |2 νC ,
and
(5.69)
〈X,∇SF〉 = 〈x,∇CF〉+ (f − 〈x,∇Cf〉) 〈∇Cf,∇CF〉
1 + |∇Cf |2 = 〈x,∇CF〉+ P2(x,∇CF),
with |P2(x,∇CF)| ≤ c|x|−3|∇CF|.
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Now we identify f˜(X) with f˜(x) for X = x + f(x)νC ∈ S. From (5.20), we have
|AS |2 ≤ c|x|−2 at the point X. For any x ∈ S \BR6 , one has
(5.70) LS f˜ = ∆C f˜ +
1
2
〈x,∇C f˜〉+
(
|AC |2 − 1
2
)
f˜ + P˜ (x, f˜ ,∇C f˜ ,∇2C f˜),
where the function P˜ satisfies
(5.71)
∣∣∣P˜ (x, f˜ ,∇C f˜ ,∇2C f˜)∣∣∣ ≤ c|x|−2 (|f˜ |+ |x|−1|∇C f˜ |) .
For the sufficiently large R6 > 0, from (5.56) one has
(5.72) LC
(
t(r − s)r−n−2e− r
2
4 ϕ1
)
< − t
3
sr−n−2e−
r2
4 ϕ1
on C \BR6 for any constants t > 0 and s ≥ 1. There is a constant βR6 > 0 such that
sup
∂BR6
(
f˜ − βR6(r − 1)r−n−2e−
r2
4 ϕ1
)
= 0.
Denote ψ = βR6(r− 1)r−n−2e−
r2
4 ϕ1 for convenience. Suppose |AC |2 < 1100 on S \BR6 for
the sufficiently large constant R6.
When
(
1
2p − 1
)
HS ≥ 0, we claim
(5.73) sup
z∈C\BR6
(
f˜(z)− ψ(z)
)
≤ 0.
If not, there is a point z ∈ C \BR6 such that f˜(z)−ψ(z) = supz∈C\BR6
(
f˜ − ψ
)
> 0, then
∇C f˜ = ∇Cψ, and ∆C(f˜ − ψ) ≤ 0 at z. However, from (5.70)(5.72) and Corollary 5.5, at
z we have
(5.74)
(
1
100
− 1
2
)
(f˜ − ψ) ≥ ∆C(f˜ − ψ) + 1
2
〈z,∇C(f˜ − ψ)〉 +
(
|AC |2 − 1
2
)
(f˜ − ψ)
=LC f˜ − LCψ ≥ LS f˜ − P˜ (z, f˜ ,∇C f˜ ,∇2C f˜) +
1
3(|z| − 1)ψ
≥
(
1
2p
− 1
)
HS +QS(z, f˜ ,∇S f˜ ,∇2S f˜)− P˜ (z, f˜ ,∇C f˜ ,∇2C f˜) +
1
3(|z| − 1)ψ
≥− c|z|−2
(
|f˜ |+ |z|−1|∇C f˜ |
)
+
1
3(|z| − 1)ψ
=− c|z|−2(f˜ − ψ)− c|z|−2 (ψ + |z|−1|∇Cψ|) + 1
3(|z| − 1)ψ,
which is in contradiction to the sufficiently large constant R6. In particular, R6 is inde-
pendent of p ∈ (0, 1]. Hence we obtain the claim (5.73).
Similarly, for
(
1
2p − 1
)
HS ≤ 0 we can show f˜ ≥ ǫ3 r−n−1e− r
2
4 ϕ1 if ǫ3 is sufficiently
small and R6 is sufficiently large. 
Combining Lemma 5.6 and Lemma 5.7, we get the following corollary.
Corollary 5.8. Let C be an n-dimensional regular, minimal but not minimizing cone in
R
n+1. If outside a compact set, M is a self-expander in one of components of Rn+1 \ C,
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which is a graph over C with the positive graphic function f . Then there are constants
ǫ4 > 0 and R7 > 0 such that for each ξr ∈ C \BR7 we have
(5.75) ǫ4r
−n−1e−
r2
4 ϕ1(ξ) ≤ f(ξr) ≤ ǫ−14 r−n−1e−
r2
4 ϕ1(ξ).
Recall that Σ is an (n − 1)-dimensional embedded C3,α-regular manifold in Sn with
positive mean curvature HΣ. For all x ∈ C \{0}, by the definition of LC in (5.57) we have
(5.76) LCf =
∂2f
∂r2
+
n− 1
r
∂f
∂r
+
r
2
∂f
∂r
− f
2
+
1
r2
(
∆Σf + |AΣ|2f
)
.
Set
ζα =
HΣ
r
+
α
r3
for each constant α ∈ R. Note that the mean curvature of C: HC = 1|x|HΣ at x ∈ C \ {0},
then
(5.77) LCζα +HC =
1
r3
(
(|AΣ|2 + 3− n)HΣ +∆HΣ − 2α
)
+
|AΣ|2 + 3(5− n)
r5
α.
So there exists a constant α0 > 0 depending only on n and the cone C, such that for any
|α| ≥ α0 we have
(5.78) LCζα +HC
>−
α
r3
, α < 0
<− α
r3
, α > 0.
Lemma 5.9. Let C be an n-dimensional C3,α-regular cone in Rn+1 with positive mean
curvature pointing into Ω, which is one of components of Rn+1 \ C. If outside a compact
set, M is a smooth self-expander in Ω, which is a graph over C with the graphic function
f . Then there are constants KC > 0 and R8 > 0 such that we have
(5.79)
HΣ(ξ)
r
− KC
r3
≤ f(ξr) ≤ HΣ(ξ)
r
+
KC
r3
for any ξr ∈ C \BR8 ,
where HΣ(ξ) is the mean curvature of Σ at ξ.
Proof. Suppose that |AC |2 < 1100 on C \BR8 for a sufficiently large constant R8 ≥ R4. Let
β be a constant depending on R8 such that β ≤ K0 , −max{c(supΣHΣ + 1), α0} and
inf∂BR8 (f − ζβ) ≥ 0. We claim
(5.80) infz∈C\BR8
(f(z)− ζβ(z)) ≥ 0
for the sufficiently large R8 > 0. If not, there is a point z = ξr ∈ C \BR8 such that
(5.81) f(z)− ζβ(z) = infC\BR8
(f − ζβ) < 0,
then ∇Cf = ∇Cζβ, and ∆C(f − ζβ) ≥ 0 at z. Note that f is positive and |z| = r > R8,
then by (5.38) and (5.78) at z we get
(5.82)
(
1
100
− 1
2
)
(f − ζβ) ≤∆C(f − ζβ) + 1
2
〈z,∇C(f − ζβ)〉+
(
|AC |2 − 1
2
)
(f − ζβ)
=LCf − LCζβ = Q(z, f,∇Cf,∇2Cf)− LCζβ −HC
≤ c|z|3 (|z| · |f |+ |∇Cf |) +
β
|z|3
≤ c|z|3 (|z| · |f − ζβ|+ |z| · |ζβ|+ |∇Cζβ|) +
β
|z|3 ,
MINIMAL CONES AND SELF-EXPANDING SOLUTIONS FOR MEAN CURVATURE FLOWS 27
which implies
(5.83) 0 ≤ c|z|3 (|z| · |ζβ|+ |∇Cζβ|) +
β
|z|3
for the sufficiently large R8 > 0. By the definition of ζβ we get
(5.84) 0 <
c
|z|3
(
HΣ − β|z|2 +
∣∣∣∣∇C (HΣ|z|
)∣∣∣∣− 4β|z|4
)
+
β
|z|3 .
For the sufficiently large R8 > 0, (5.84) does not hold for β ≤ K0 and r ≥ R8. Hence we
get the claim (5.80).
There is a constant Λ ≥ −K0 > 0 depending on R8 such that sup∂BR8 (f − ζΛ) ≤ 0.
We claim
(5.85)
sup
z∈C\BR8
(f(z)− ζΛ(z)) ≤ 0,
for the sufficiently large R8 > 0. If not, there is a point z
′ ∈ C \BR8 such that
(5.86) f(z
′)− ζΛ(z′) = sup
C\BR8
(f − ζΛ) > 0,
then ∇Cf = ∇CζΛ, and ∆C(f − ζΛ) ≤ 0 at z′. However, by (5.38) and (5.78) at z′
(5.87)
(
1
100
− 1
2
)
(f − ζΛ) ≥∆C(f − ζΛ) + 1
2
〈z′,∇C(f − ζΛ)〉+
(
|AC |2 − 1
2
)
(f − ζΛ)
=LCf − LCζΛ = Q(z′, f,∇Cf,∇2Cf)− LCζΛ −HC
≥− c|z′|3
(|z′|f + |∇Cf |)+ Λ|z′|3
=− c|z′|2 (f − ζΛ)−
c
|z′|3
(|z′|ζΛ + |∇CζΛ|)+ Λ|z′|3 .
For the sufficiently large R8 > 0 we have
(5.88) 0 >− c|z′|3
(
HΣ +
Λ
|z′|2 +
∣∣∣∣∇C (HΣ|z′|
)∣∣∣∣+ 4Λ|z′|4
)
+
Λ
|z′|3 .
The above inequality does not hold for any Λ ≥ R8 and |z′| ≥ R8 if R8 is sufficiently large.
Therefore, (5.85) holds, and we complete the proof. 
6. Existence for self-expanders
By the dimension estimates of singular sets for minimizing currents in codimension 1
(see Theorem 37.7 in [31] for example), if T is an E-minimizing self-expanding current in
R
n+1, then Hs(SingT ) = 0 for any s ≥ max{0, n− 7 + α} with α > 0 because T is a min-
imizing current in
(
R
n+1, e
|X|2
2n
∑n+1
i=1 dx
2
i
)
with |X|2 = ∑n+1i=1 x2i . There are quite a few
of works on maximum principle for singular minimal hypersurfaces in smooth manifolds.
For convenience, we need the following maximum principle obtained by Solomon-White
in [35].
Lemma 6.1. Let Ω be a domain in a space N with the smooth boundary ∂Ω, and T be
a stationary varifold in Ω, where N =
(
R
n+1, eγ|X|2
∑n+1
i=1 dx
2
i
)
for a constant γ ≥ 0. If
there is a point x ∈ sptT ∩∂Ω\∂(sptT ), and ∂Ω has nonnegative mean curvature pointing
into Ω in a neighborhood Ox of x, then sptT ∩Ox = ∂Ω ∩Ox.
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Let us recall a sharp strong maximum principle for singular minimal hypersurfaces in
manifolds, recently showed by N. Wickramasekera [41] (the ones in [40] or [20] are also
sufficient for E-minimizing cases by dimension estimates). In particular, we can choose
the ambient manifold to be
(
R
n+1, e
|X|2
2n
∑n+1
i=1 dx
2
i
)
.
Lemma 6.2. Let CV be a stationary cone in R
n+1 with integer multiplicity and with
singular set SingCV satisfying Hn−1(SingCV ) = 0, and Ω be a domain with ∂Ω = sptCV .
If T is an n-dimensional integer varifold self-expander in Ω with ∂T = 0, then either
sptT ∩ sptCV = ∅ or sptT = sptCV .
6.1. Existence for E-minimizing self-expanding currents. For any current S in
R
n+1, let S \ K = Sx(Rn+1 \K) for any set K ∈ Rn+1. Here, the notation ’x’ can be
found in Chapter 26 in [31].
Ilmanen [18] proved the existence of self-expanding hypersurfaces with prescribed tan-
gent cones at infinity. For completeness, we give another proof for C2-regular cones by
constructing a family of barrier functions.
Theorem 6.3. Let C be a cone over an embedded C2-regular hypersurface in Sn, then
there is a multiplicity one E-minimizing self-expanding current T in Rn+1 with ∂T = 0
such that the tangent cone of T at infinity is JCK.
Proof. By the assumption, principal curvature of Σ , C ∩ Sn are uniformly bounded.
Then there is a uniform positive constant 0 < κ < 12 depending only on C so that for any
y ∈ C \{0}, we have two cones Cκ,± centered at the origin isometric to
{(
x, |x|κ
) ∣∣x ∈ Rn}
such that Cκ,± ∩ C are the same radial line through y. Obviously, there are two unique
points y± related to y with |y±| = |y| such that Cκ,± ⊂ {X ∈ Rn+1| 〈X, y±〉 > 0} are
rotational symmetric w.r.t. the lines {ty±| t ∈ R}, respectively.
By compactness theorem for currents (see [26][31] for instance), there exists an open
set Er ⊂ Rn+1 for any r > 0 such that ∂Er \Br = C \Br and
(6.1)
∫
Br
|Dχ
Er
|e |X|
2
4 dX = inf
{∫
Br
|Dχ
U
|e |X|
2
4 dX
∣∣∣ ∂U \Br = C \Br} .
Hence ∂JErKxBr is an n-dimensional multiplicity one E-minimizing self-expanding current
in Br. Then the singular set of ∂JErKxBr has Hausdorff dimension ≤ n− 7 in case n ≥ 7
and is empty in case n ≤ 6. Let Py± be the n-dimensional hyperplanes through the origin
which is perpendicular to the vectors y±, respectively. Let φλ is a smooth solution to (4.1)
with φ′λ ≥ φ′λ(0) = 0 and limr→∞ φλ(r)r = λ > 0. For λ ≥ 1κ , we set Sλy± being a rigid
motion of a self expander defined by
Sλy± =
{
z + ty± ∈ Rn+1
∣∣∣ z ∈ Py± , t = φλ(z)} .
From Lemma 4.1, we consider the infimum of λ such that ∂Er ∩ Br ∩
(
Sλy+ ∪ Sλy−
)
= ∅.
We conclude that ∂Er ∩Br ∩
(Sy+ ∪ Sy−) = ∅ by maximum principle (Lemma 6.1), where
Sy± = S1/κy± . Let EC =
⋃
y∈Sn∩C
(Sy+ ∪ Sy−), then we have
(6.2) ∂Er ∩Br ∩ EC = ∅.
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For any two sets K1,K2 in R
n+1, we define their Hausdorff distance dH(K1,K2) by
dH(K1,K2) =max
{
sup
x∈K1
dist(x,K2), sup
x∈K2
dist(x,K1)
}
=max
{
sup
x∈K1
inf
y∈K2
|x− y|, sup
x∈K2
inf
y∈K1
|x− y|
}
.
From the definition of Sy+ and (4.7), one has
(6.3) dist(y,Sy+) ≤
(
n+ 1
κ
+ 2
)
min{1, κ−1|y|−1}
for any y ∈ C\{0}. In particular, dist(0,Sy+) ≤ n+1κ +2. For any y ∈ C with |y| > n+1κ +2,
there is a point y∗+ ⊂ Sy+ ∩ ∂B|y| such that
|y − y∗+| = dist(y,Sy+ ∩ ∂B|y|).
For any y ∈ C, the tangent space TyC of C at y is asymptotic to the tangent space Ty∗+Sy+
of Sy+ at y∗+ as |y| → ∞. Let cκ > n+1κ + 2 be a sufficiently large constant, then from
(6.3) we have
|y − y∗+| < 2 dist(y,Sy+) <
2(n + 2)
κ2s
for any y ∈ C ∩ ∂Bs and s ≥ cκ. From the definition of EC , we conclude
(6.4) dH(C ∩ ∂Bs, EC ∩ ∂Bs) < 2(n + 2)
κ2s
for each s ≥ cκ. Combining (6.2) and (6.4), we have
(6.5) dH(∂Er ∩ ∂Bs, C ∩ ∂Bs) ≤ 2(n + 2)
κ2s
for every s ∈ [cκ, r]. Let Mr be the regular set of ∂JErK ∩Br. By (2.3), we have
(6.6) 2nHn(Mr) ≤
∫
Mr
∆Mr |X|2 ≤ 2
∫
∂Mr
|X| ≤ 2rHn−1(∂Mr),
where ∆Mr denotes Laplacian of Mr. Note that dim (Sing∂JErK ∩Br) ≤ max{0, n − 7},
then (6.6) implies
(6.7)
Hn(∂Er ∩Br)
rn
≤ H
n−1(∂Er ∩ ∂Br)
nrn−1
=
Hn−1(C ∩ ∂Br)
nrn−1
.
From (2.7), it follows that
(6.8)
Hn(∂Eρ ∩Bρ)
ρn
≤ H
n−1(∂Er ∩ ∂Br)
nrn−1
=
Hn−1(C ∩ ∂Br)
nrn−1
=
1
n
Hn−1(C ∩ ∂B1)
for all 0 < ρ ≤ r.
By compactness theorem of currents (see [26] or [31] for example), there is a sequence
ri → ∞ such that ∂JEriKxBri converges to an E-minimizing self-expanding current T ,
whose multiplicity is k and support is ∂E∗ for some open set E∗. According to (6.8), we
have
(6.9) k
Hn(∂E∗ ∩Bρ)
ρn
≤ 1
n
Hn−1(C ∩ ∂B1)
for all ρ > 0. From (6.5) it is clearly that
(6.10) lim
r→∞
Hn(∂E∗ ∩Br)
rn
≥ 1
n
Hn−1(C ∩ ∂B1).
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Thus the multiplicity k = 1 and T is a multiplicity one E-minimizing self-expanding
current in Rn+1 with ∂T = 0. Moreover, (6.9) implies that the tangent cone of T at
infinity is JCK. 
From (6.5), one has
(6.11) lim sup
s→∞
(
sdH(spt∂T ∩ ∂Bs, C ∩ ∂Bs)
) ≤ 2(n+ 2)
κ2
,
where T, κ are as in the above Theorem.
6.2. Area-minimizing cones and E-minimizing self-expanding currents. In The-
orem 6.3, for the E-minimizing self-expanding current T , sptT may be equal to the cone
C itself. In fact, we can not find such T when C is area-minimizing.
Lemma 6.4. Any non area-minimizing hypercone cannot be an E-minimizing self-expanding
hypersurface. Moreover, if a minimal cone C is an E-minimizing self-expanding hypersur-
face in Ω, then it is an area-minimizing cone in Ω, where Ω is a component of Rn+1 \ C.
Proof. Let C be a minimal hypercone with possible singularities. If C is also an E-
minimizing self-expanding hypersurface in Rn+1, then for any fixed r > 0 and each t > 0
(6.12)
∫ r
0
Hn−1(C ∩ ∂Bρ)e
tρ2
4 dρ =
∫ √tr
0
Hn−1
(
C ∩ ∂B s√
t
)
e
s2
4
ds√
t
=t−
n
2
∫ √tr
0
Hn−1(C ∩ ∂Bs)e s
2
4 ds
≤t−n2
∫
B√tr
∣∣∣Dχ√
tU
(X)
∣∣∣ e |X|24 dX
=
∫
Br
|DχU |e
t|X|2
4 dX,
where U is any open set in Rn+1 with ∂U \Br = C \Br. Letting t→ 0 implies
(6.13) Hn(C ∩Br) ≤
∫
Br
|Dχ
U
|.
Namely, C is area-minimizing. Further, we suppose that a minimal cone C is an n-
dimensional E-minimizing self-expanding hypersurface in Ω. Analog to the above argu-
ment, one can show that C is an area-minimizing cone in Ω. Hence we complete the
proof. 
Furthermore, we have the following equivalence on multiplicity 1 area-minimizing cones
and E-minimizing self-expanding hypersurfaces.
Theorem 6.5. Let C be a regular minimal cone in Rn+1 and Ω be a domain with ∂Ω =
C, then C is area-minimizing in Ω if and only if C is an E-minimizing self-expanding
hypersurface in Ω.
Proof. In view of Lemma 6.4, we only need prove that if C is area-minimizing in Ω, C
would be an E-minimizing self-expanding hypersurface in Ω. Let C be a regular, area-
minimizing cone in Ω. Assume that Tr is a multiplicity one E-minimizing self-expanding
current in Ω with sptTr\C 6= ∅ and with ∂ (sptTr) = C∩∂Br for each r > 0. By [15], there
is a connected smooth embedded, star-shaped, area-minimizing hypersurface S without
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boundary in Ω. By (6.5), r−11 (sptTr1) ∩ S = ∅ for a sufficiently large constant r1 > 0.
There is a constant r2 ∈ (0, r1) such that r−12 (sptTr1)∩S 6= ∅ but r−1 (sptTr1)∩S = ∅ for
r > r2. Note that r
−1
2 (sptTr1) has mean curvature
(6.14) H =
1
2
r22X
N .
If we see r−12 (sptTr1) being a hypersurface in the space
(
R
n+1, e
r22
2n
|X|2∑n+1
i=1 dx
2
i
)
with
the induced metric, then the corresponding mean curvature is zero from (6.14).
Let ΩS be a domain containing r
−1
1 (sptTr1) in R
n+1 with boundary ∂ΩS = S. If we
see S being a hypersurface in the space
(
R
n+1, e
r22
2n
|X|2 ∑n+1
i=1 dx
2
i
)
with induced metric
and mean curvature, then it has positive mean curvature pointing into Rn+1 \ ΩS in(
R
n+1, e
r22
2n
|X|2 ∑n+1
i=1 dx
2
i
)
as S is star-shaped and minimal in Euclidean space. By Lemma
6.1, we get a contradiction. Hence, sptTr = C for all r > 0, and we complete the proof. 
Lemma 6.6. Let C be an area-minimizing cone with an isolated singularity, then the
support of any n-varifold self-expander T with ∂T = 0 in Rn+1 must be C if the tangent
cone of T at infinity is JCK.
Proof. Let Ω+ and Ω− be two components divided by C. Let S± be smooth area-
minimizing hypersurfaces in Ω±, which are connected smooth embedded hypersurfaces
without boundary (The existence of S± are known in [15]). Let T be a connected n-
varifold self-expander with ∂T = 0 in Rn+1 which converges to JCK in the varifold sense
at infinity. Then sptT is a graph over C outside a compact set with the graphic function
f . If sptT 6= C, then asymptotic behavior of S± and Lemma 5.7 imply that there exists
a constant ǫ > 0 such that spt(tT ) ∩ S± = ∅ for t ∈ (0, ǫ].
Denote γ± = n−22 ±
√
(n−2)2
4 + λ1, where λ1 is the first (nonzero) eigenvalue of Jacobi
operator of C ∩ Sn in Sn. By [15], up to a compact set, S± is a graph over C with the
graphic functions f± satisfying{
either f± = (c±1 + c
±
2 log r)r
−γ−ϕ1 +O(r−γ−−α) as r →∞
or f± = c±1 r
−γ+ϕ1 +O(r−γ+−α) as r →∞
(α > 0), where (c+1 + c
+
2 log r) > 0 > (c
−
1 + c
−
2 log r), and c
±
2 = 0 unless γ+ = γ− =
n−2
2 ,
and where ±c±1 > 0 in the second identity.
Let t0 = sup{t| spt(sT ) ∩ (S+ ∪ S−) = ∅, s ∈ (0, t)}. By Lemma 6.1 with the space
N =
(
R
n+1, e
t20|X|2
2n
∑n+1
i=1 dx
2
i
)
, spt(t0T ) ∩ (S+ ∪ S−) = ∅. Combining Lemma 5.7, there
is a constant r1 > 0 such that
(6.15)
1
2
f+(r)− sf
(r
s
)
≥ 0 ≥ 1
2
f−(r)− sf
(r
s
)
for all t0 ≤ s ≤ 2t0 and r ≥ r1. In particular,
min{|x− y|∣∣ x ∈ spt(t0T ) ∩Br1 , y ∈ (S+ ∪ S−) ∩Br1} > 0.
With the help of (6.15), there is a constant t1 ∈ (0, t0) such that spt(tT ) ∩ S± = ∅ for
t ∈ (t0, t0 + t1). This violates the choice of t0. Hence, we have spt(tT ) ∩ (S+ ∪ S−) = ∅
for all t ∈ (0,∞). This is a contradiction clearly. We complete the proof. 
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6.3. Existence of E-minimizing self-expanding currents in mean convex cones.
Lemma 6.7. Let C be a C2-regular, mean convex cone with vertex at the origin in Rn+1
pointing into a domain Ω with ∂Ω = C. If T is a varifold self-expander with ∂T = 0 in
Ω, then either sptT ∩ C = ∅, or sptT = C and C is minimal.
Proof. Obviously, sptT = C means that C is minimal. In view of Lemma 6.2, we suppose
that sptT 6= C and C is not a minimal cone, then obviously sptT ∩ regC = ∅ by Lemma
6.1 with N =
(
R
n+1, e
|X|2
2n
∑n+1
i=1 dx
2
i
)
. So for showing sptT ∩C = ∅, we only need prove
0 /∈ sptT .
Assume 0 ∈ sptT , and let us show that this leads to a contradiction. Let T0 be a
tangent cone of sptT at 0, then sptT ⊂ Ω implies that T0 is a stationary cone in Ω.
According to Lemma 6.1 with N = Rn+1, T0 ∩ C = ∅, and then T0 ⊂ Ω. Let Ωα be
the shape after a rotation of Ω by the action α in orthogonal group O(n) : Sn → Sn.
Obviously, there is an α0 ∈ O(n) such that T0 ⊂ Ωα0 and T0 ∩ ∂Ωα0 6= ∅. However, this
violates Lemma 6.1 with N = Rn+1. Hence 0 /∈ sptT , and we complete the proof. 
Theorem 6.8. Let C be a C2-regular, mean convex but not area-minimizing cone pointing
into Ω in Rn+1 with ∂Ω = C, then there is a multiplicity one E-minimizing self-expanding
current T in Ω with ∂T = 0 such that the tangent cone of T at infinity is JCK .
Proof. Note that C ∩ Sn is C2-continuous by the assumption of mean convex C. Then
there is a uniform positive constant 0 < κ < 12 depending only on C so that for any
y ∈ C ∩ Sn, we have a cone Cκ such that Cκ ∩ C ∩ Sn = y and Cκ is
{(
x, |x|κ
) ∣∣x ∈ Rn}
up to a rotation.
By compactness theorem for currents (see [26][31] for instance), there exists an open
set Er ⊂ Ω for any r > 0 such that ∂Er \Br = C \Br and
(6.16)
∫
Br
|Dχ
Er
|e |X|
2
4 dX = inf
{∫
Br
|Dχ
K
|e |X|
2
4 dX
∣∣∣ ∂K \Br = C \Br, K ⊂ Ω} .
Hence ∂JErKxBr is an n-dimensional multiplicity one E-minimizing self-expanding current
in Ω. By Lemma 6.7, either ∂Er ∩ Br ∩ C = ∅ or ∂Er = C. Combining Er ⊂ Ω and the
proof of Theorem 6.3, there is a constant cκ > 0 such that
dH(∂Er ∩ ∂Bs, C ∩ ∂Bs) ≤ 2(n+ 2)
κ2s
for every s ∈ [cκ, r]. Following the proof of Theorem 6.3, there is a sequence ri → ∞
such that ∂JEriKxBri converges to an n-dimensional multiplicity one E-minimizing self-
expanding current T in Ω with ∂T = 0 and limr→∞ 1rT = JCK. By Lemma 6.4 and Lemma
6.7, sptT ⊂ Ω since C is not area-minimizing. 
6.4. Existence and uniqueness of smooth E-minimizing self-expanding hyper-
surfaces. For a domain U0, and a set Ea ⊂ U0, we say a set Eb on one side of Ea in
U0 if Eb is contained in the closure of one of the connected components of U0 \ Ea in the
current paper. When U0 is a Euclidean space, we sometimes omit U0.
Lemma 6.9. Let E1 and E2 be two open sets satisfying 0 ∈ E2 ∩ U ⊂ E1 ∩ U for some
open set U ⊂ Rn+1. Let T1 = ∂JE1KxU , T2 = ∂JE2KxU , and √γ|T1| and |T2| be both
n-dimensional varifold self-expanders in U for some constant γ ∈ (0, 1) with spt(tT1) ∩
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sptT2 ∩U = ∅ for each t ∈ (0, 1). If either √γT1 or T2 is an E-minimizing self-expanding
current in U , then either T1xU = T2xU or sptT1 ∩ sptT2 ∩ U = ∅.
Proof. We suppose that sptT1 ∩ sptT2 6= ∅ and there is a point x0 ∈ sptT1 ∩ sptT2. If x0 ∈
regT1, then T1 is smooth in a neighborhood of x0 by regularity of minimal hypersurfaces.
Up to rotation,
√
γT1 can be written as a smooth graph over a neighborhood of the origin
in Rn with the graphic function u1 and (0, u1(0)) =
√
γx0 such that u1 satisfies (2.4),
and E1 is living above T1 in the neighborhood of x0. The assumption E2 ∩ U ⊂ E1 ∩ U
infers that T2 is living above T1 in the neighborhood of x0. Moreover,
√
tγT1 is the graph
of the function
√
tu1
(
x′√
t
)
in a (spacetime) neighborhood of (0, 1/γ) ∈ Rn × R. From
x0 ∈ sptT1 ∩ sptT2 and spt(
√
tγT1) ∩ sptT2 ∩ U = ∅ for each t ∈ (0, 1/γ), it follows that√
tu1(0) < γ
− 1
2u1(0) for each t ∈ (0, 1/γ), which means u1(0) > 0. From the equation
(2.4), we conclude that the mean curvature of T1 at x0 is positive pointing into E1. By
Lemma 6.1 with the space N =
(
R
n+1, e
|X|2
2n
∑n+1
i=1 dx
2
i
)
, it follows that T1 = T2 in U as
√
γ|T1| and |T2| are both n-dimensional varifold self-expanders in U with 0 < γ < 1.
Therefore, we only need to consider the case: x0 ∈ SingT1 ∩ SingT2. Assume regT1 ∩
regT2 = ∅ or else we complete the proof. Obviously, every tangent cone of T1 or T2 at x0
is an n-dimensional area-minimizing cone in Rn+1. Hence for any sequence λj → 0 there
is a subsequence λj′ of λj such that λ
−1
j′ (|T1| − x0) and λ−1j′ (|T2| − x0) both converge to a
cone CT in R
n+1 in the varifold sense, or else this contradicts Lemma 6.2 (see also [33]).
Since either
√
γ∂JE1K or ∂JE2K is an E-minimizing current in U , then CT is a multiplicity
one area-minimizing cone (see Theorem 37.2 in [31] for example). In particular, CT is not
a hyperplane by Allard’s regularity theorem. For any constant s > 0, let tj′ = 1− λj′s for
the sufficiently large j′. Note x0 6= 0 from 0 ∈ E2 ∩ U ⊂ E1 ∩ U . By
λ−1j′ (tj′∂E1 − x0) = λ−1j′
(
tj′(∂E1 − x0)− (1− tj′)x0
)
=
(
λ−1j′ − s
)
(∂E1 − x0)− sx0,
we conclude that λ−1j′ Jtj′(U ∩ ∂E1)− x0K converges to CT,s , CT − sx0 with the vertex at
−sx0 as j′ →∞ in the varifold sense. Since tj′(sptT1) is on one side of sptT2 in U by the
assumption, then λ−1j′ (tj′sptT1−x0) is on one side of λ−1j′ (sptT2−x0). Taking the limit, we
conclude that sptCT,s is also on one side of sptCT for any s > 0. Recall CT,s and CT are
both minimizing cones with different vertices, then by Lemma 6.2, sptCT ∩ sptCT,s = ∅
for each s > 0. Hence, sptCT can be written as a graph over a hyperplane Ps, which
is perpendicular to the vector −→oxs. However, this is impossible by blowing up argument
(at singular sets of sptCT ) and the proof of Bernstein theorem. Hence we complete the
proof. 
Theorem 6.8 gives an existence for varifold self-expanders with prescribed mean convex
cones at infinity. Fortunately, we are able to point out that such varifold self-expanders
are smooth actually. Firstly, we focus on regular minimal but not minimizing cones.
Theorem 6.10. Let C be an n-dimensional regular minimal but not minimizing cone in
R
n+1, and Ω be a domain with ∂Ω = C, then there is a unique smooth complete embedded
E-minimizing self-expanding hypersurface M with limr→∞ r−1M = C in Ω. Moreover, M
has positive mean curvature everywhere and {√tM}t>0 is a foliation of Ω.
Remark. For a smooth hypersurface S and a regular cone C in Rn+1, we say that
limr→∞ r−1S = C (or the tangent cone of S at infinity is C) if limr→∞ r−1JSK = JCK.
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From (2.7) and the argument in Theorem 4.1 of [6], S has Euclidean volume growth and
it is proper if limr→∞ r−1JSK = JCK.
Proof. By Theorem 6.5 and Theorem 6.8, there is a multiplicity one E-minimizing self-
expanding current T with ∂T = 0 in Ω with tangent cone C at infinity, where Ω is a
component of Rn+1 \C. Let M = sptT . From the discussion in section 5, up to a compact
set, tM also can be represented as a graph over C \ Btr0 with the graphic function wt
defined by
wt(x) = tw
(x
t
)
> 0
for x ∈ C \Btr0 and t > 0.
By asymptotic behavior (5.75), there is a constant δ0 > 0 such that
√
δ0 M ∩M = ∅.
Let δ1 = sup{δ|
√
sM ∩M = ∅, s ∈ (0, δ)}. Then δ1 ≤ 1 clearly. By Lemma 6.9, we
conclude that
√
δ1M ∩M = ∅ provided δ1 < 1. From Corollary 5.8, there are constants
r1 > r0 and ǫ5 > 0 such that
(6.17) w(x) ≥ ǫ5r−n−1e− r
2
4 > ǫ−15 t
(r
t
)−n−1
e−
r2
4t2 ≥ wt(x)
for all x with |x| = r ≥ r1 and any δ1 ≤ t ≤ 1+δ12 . Hence there is a constant δ2 ∈ (δ1, 1+δ12 )
such that
√
sM ∩M = ∅ for s ∈ (0, δ2]. This violates the maximum of δ1. Therefore,√
sM ∩M = ∅ for all 0 < s < 1 and {√sM}s>0 is a foliation of Ω. So M is embedded
and each ray {λξ ∈ Rn+1| λ > 0}, corresponding to ξ ∈ Ω ∩ ∂B1, intersects M in a
single point y. Then for a suitable ρy > 0 we can write M ∩ Bρy(y) as a graph of some
function w with bounded gradient over a hyperplane P normal to ξ (see also the proof of
Theorem 2.1 in [15]). SinceM = sptT is an E-minimizing self-expanding hypersurface and
Hs(singT ) = 0 for s > max{0, n− 7}, it follows that singT ∩Bρy(y) = ∅. Thus singT = ∅
and M is smooth without boundary. From the foliation {√sM}s>0, M has nonnegative
mean curvature pointing into the domain Ω. (3.9) and Hopf maximum principle imply
that M has positive mean curvature everywhere.
Let S be an n-dimensional smooth complete self-expander in Ω with limt→0 tS = C.
Then there is a constant ǫ > 0 such that
√
ǫ(sptS) ∩M = ∅. By the above argument and
Lemma 6.9, we obtain s(sptS)∩M = ∅ for all 0 < s < 1. Similarly, sM ∩ sptS = ∅ for all
0 < s < 1. Hence sptS =M and the uniqueness holds. 
Secondly, we utilize the asymptotic analysis in Lemma 5.9 to get the smooth existence
for every prescribed regular cone with positive mean curvature at infinity.
Corollary 6.11. Let C be an n-dimensional C3,α-regular cone in Rn+1 which has positive
mean curvature pointing into the domain Ω with ∂Ω = C, then there is a unique smooth
complete embedded E-minimizing self-expanding hypersurface M with limr→∞ r−1M = C
in Ω. Moreover, M has positive mean curvature everywhere and {√tM}t>0 is a foliation
of Ω.
Proof. The proof is similar to the proof of Theorem 6.10, where the asymptotic behavior
of self-expanders is described in Lemma 5.9. So we omit it. 
Combining Theorem 6.10 and Corollary 6.11, we eventually deduce the smooth exis-
tence for mean convex case.
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Theorem 6.12. Let C be an n-dimensional C3,α-regular, mean convex but not minimizing
cone pointing into a domain Ω with ∂Ω = C in Rn+1, then there is a unique smooth
complete embedded E-minimizing self-expanding hypersurface M in Ω with tangent cone
C at infinity. Moreover, {√tM}t>0 is a foliation of Ω.
Proof. Let C = CΣ be a C3,α-regular cone over a mean convex hypersurface Σ in Sn. We
assume that C is not a minimal cone, or else we have finished the proof from Theorem
6.10. Then there is a constant δ > 0 such that t ∈ [0, δ]→ Σt is a smooth mean curvature
flow starting from Σ. Obviously, Σt is embedded and has positive mean curvature, so
there is a smooth complete embedded E-minimizing self-expanding hypersurface Mt in Ω
for t > 0, which has positive mean curvature everywhere and limr→∞ 1rMt = CΣt. There
exists a sequence 0 < ti → 0 such that JMtiK ⇀ T in the varifold sense. Then T is a
multiplicity one E-minimizing self-expanding current in Ω with ∂T = 0. From (6.11), we
get limr→∞ 1rT = JCΣK. Denote M = sptT . By Allard’s regularity theorem, there is a
constant r2 > 1 such thatM \Br2−1 is smooth with bounded geometry. HenceMti \Br2−1
converges toM \Br2−1 smoothly, which implies that the mean curvature H is nonnegative
in M \ Br2 . Hence the mean curvature H is positive in M \ Br2 by maximum principle
for (3.9). Denote ǫ6 ,
1
2 inf∂Br2 H > 0. There exists a constant δ3 ∈ (0, δ] such that the
mean curvature Hti of Mti satisfies Hti ≥ ǫ6 on Mti ∩ ∂Br2 for ti ∈ (0, δ3). By maximum
principle for (3.9) again, we get
1
2
〈X, νti〉 = Hti ≥ ǫ6 on Mti ∩Br2 ,
where νti is the unit normal vector ofMti . SinceMti∩Br2 is a graph over a subset of Ω∩Sn,
then from the above inequality, M ∩ Br2 is still a graph over a subset of Ω ∩ Sn. Hence
M ∩Br2 is smooth, and M is a smooth complete embedded E-minimizing self-expanding
hypersurface in Ω. Moreover, M is mean convex pointing into Ω as Mti ⇀ M , then M
has positive mean curvature pointing into Ω by (3.9) and maximum principle. Since sMti
is on one side of Mti for any s 6= 1, then sM is on one side of M . Maximum principle
implies that sM ∩M = ∅ for s 6= 1. So {√tM}t>0 is a foliation of Ω.
Suppose that M ′ is another smooth complete self-expander in Ω with tangent cone C
at infinity. Set
δ4,i = sup
{
s ∈ (0, 1]
∣∣∣ √tM ′ ∩Mti = ∅, 0 < t < s} .
If
√
δ4,iM
′ ∩Mti 6= ∅ and
√
tM ′ ∩Mti = ∅ for 0 < t < δ4,i, this contradicts Lemma 6.9.
Then
√
tM ′ ∩Mti = ∅ for 0 < t ≤ δ4,i. Since limr→0 r−1Mti = CΣti and Σti ∩ Σ = ∅,
then δ4,i attains its maximum, namely, δ4,i = 1. Hence
⋃
0<t≤1
√
tM ′ is on one side of
Mti . Letting ti → 0 implies that
⋃
0<t≤1
√
tM ′ is on one side of M . Since M is a smooth
self-expander, then either M =M ′ or M ∩M ′ = ∅.
AssumeM ∩M ′ = ∅. Now we deduce the contradiction. There exists a constant r3 > 0
such that outside a compact set, M ′ can be represented as a graph over
√
tM \ r3 with
the graphic function wt. Denote πt be the projection from C to
√
tM . Hence for any fixed
r ≥ r3, for the sufficiently small t > 0 we have wt ◦ πt(ξr) > 0. From Lemma 5.7, for the
sufficiently large r3 > 0, there is a constant tr3 such that for each 0 < t ≤ tr3 we have
wt ◦ πt(x) > ǫ7,t|x|−n−1e−
|x|2
4
on
√
tM \ r3 for some sufficiently small constant ǫ7,t > 0 depending on t.
36 QI DING
Set
δ5 = sup{s ∈ (0, 1)|
√
tM ∩M ′ = ∅, 0 < t < s}.
So we have
√
tM ∩M ′ = ∅ for t ∈ (0, δ5). We assume δ5 < 1. Taking t → δ5, for any
r > 0 we get
√
δ5M ∩M ′ ∩ Br = ∅ by using Lemma 6.9 in the open set B2r. Namely,√
δ5M ∩M ′ = ∅ and
√
δ5M is on one side of M
′. From Lemma 5.7 again, there is a
constant δ5 < δ6 < 1 such that
√
δ6M ∩M ′ = ∅, which contradicts to the choice of δ5.
Therefore we get δ5 = 1. Due to the fact that
⋃
0<t≤1
√
tM ′ is on one side ofM , we deduce
M ′ =M , and then complete the proof. 
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